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Extensions of Fuzzy Set/Logic, Intuitionistic Fuzzy 
Set/Logic, and Neutrosophic 
Set/Logic/Probability/Statistics to Plithogenic 
Set/Logic/Probability/Statistics 


(Preface) 


We introduce for the first time the concept of plithogeny in 
philosophy and, as a derivative, the concepts of plithogenic set / 
logic / probability / statistics in mathematics and engineering — and 
the degrees of contradiction (dissimilarity) between the attributes’ 
values that contribute to a more accurate construction of 
plithogenic aggregation operators and to the plithogenic 
relationship of inclusion (partial ordering). 

They resulted from practical needs in our everyday life, and 


we present several examples and applications of them. 


Plithogeny is the genesis or origination, creation, formation, 
development, and evolution of new entities from dynamics and 
organic fusions of contradictory and/or neutrals and/or non- 
contradictory multiple old entities. 

Plithogeny pleads for the connections and unification of 
theories and ideas in any field. 

As “entities” in this study, we take the “knowledges” in 
various fields, such as soft sciences, hard sciences, arts and letters 
theories, etc. 
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Plithogeny is the dynamics of many types of opposites, 
and/or their neutrals, and/or non-opposites and their organic 
fusion. 

Plithogeny is a generalization of dialectics (dynamics of one 
type of opposites: <A> and <antiA>), neutrosophy (dynamics of 
one type of opposites and their neutrals: <A> and <antiA> and 
<neutA>), since plithogeny studies the dynamics of many types of 
opposites and their neutrals and non-opposites (<A> and <antiA> 
and <neutA>, <B> and <antiB> and <neutB>, etc.), and many non- 
opposites (<C>, <D>, etc.) all together. 

As application and particular derivative case of plithogeny is 
the Plithogenic Set, that we’ll present in the book, since it is an 
extension of crisp set, fuzzy set, intuitionistic fuzzy set, and 
neutrosophic set, and has many scientific applications. 


Plithogenic Set 


A plithogenic set P is a set whose elements are characterized 
by one or more attributes, and each attribute may have many 
values. 

Each attribute’s value v has a corresponding (fuzzy, 
intuitionistic fuzzy, or neutrosophic) degree of appurtenance d(x, 
v) of the element x, to the set P, with respect to some given criteria. 

In order to obtain a better accuracy for the plithogenic 
aggregation operators, a (fuzzy, intuitionistic fuzzy, or 
neutrosophic) contradiction (dissimilarity) degree is defined 
between each attribute value and the dominant (most important) 
attribute value. 

{However, there are cases when such dominant attribute 


value may not be taking into consideration or may not exist, or 
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there may be many dominant attribute values. In such cases, either 
the contradiction degree function is suppressed, or another 
relationship function between attribute values should be designed 
by the experts according to the application they need to solve.} 

The plithogenic aggregation operators (intersection, union, 
complement, inclusion, equality) are linear combinations of the 
fuzzy operators tnorm and tconorm. 

Plithogenic set is a generalization of the crisp set, fuzzy set, 
intuitionistic fuzzy set, and neutrosophic set, since these four types 
of sets are characterized by a single attribute (appurtenance): 
which has one value (membership) - for the crisp set and for fuzzy 
set, two values (membership, and nonmembership) — for 
intuitionistic fuzzy set, or three values (membership, 
nonmembership, and indeterminacy) — for neutrosophic set. 

A plithogenic set, in general, may have its elements 


characterized by attributes with four or more attribute values. 
Plithogenic Logic 


A plithogenic logic proposition P is a proposition that is 
characterized by degrees of many truth-values with respect to the 
corresponding attributes" values. 

With respect to each attribute’s value v there is a 
corresponding degree of truth-value d(P, v) of P with respect to the 
attribute value v. 

Plithogenic logic is a generalization of the classical logic, 
fuzzy logic, intuitionistic fuzzy logic, and neutrosophic logic, since 
these four types of logics are characterized by a single attribute 
value (truth-value): which has one value (truth) — for the classical 
logic and fuzzy logic, two values (truth, and falsehood) — for 
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intuitionistic fuzzy logic, or three values (truth, falsehood, and 
indeterminacy) — for neutrosophic logic. 

A plithogenic logic proposition P, in general, may be 
characterized by more than four degrees of truth-values resulted 


from under various attributes. 


Plithogenic Probability 


In the plithogenic probability each event E from a probability 
space U is characterized by many chances of the event to occur 


[not only one chance of the event to occur: as in classical 





probability, imprecise probability, and neutrosophic probability], 
chances of occurrence calculated with respect to the corresponding 
attributes’ values that characterize the event E. 

We present into the book the  discrete/continuous 
finite/infinite n-attribute-values plithogenic probability spaces. 

The  plithogenic aggregation probabilistic operators 
(conjunction, disjunction, negation, inclusion, equality) are based 
on contradiction degrees between attributes’ values, and the first 
two are linear combinations of the fuzzy logical operators’ tnorm 
and fconorm. 

Plithogenic probability is a generalization of the classical 
probability [ since a single event may have more crisp-probabilities 
of occurrence ], imprecise probability [ since a single event may 
have more subunitary subset-probabilities of occurrence ], and 


neutrosophic probability [ since a single event may have more 





triplets of: subunitary subset-probabilities of occurrence, 
subunitary subset-probabilities of indeterminacy (not clear if 
occurring or not occurring), and subunitary subset-probabilities of 


nonoccurring) |. 
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Plithogenic Statistics 


As a generalization of classical statistics and neutrosophic 
statistics, the Plithogenic Statistics is the analysis of events 
described by the plithogenic probability. 


Formal definitions of plithogenic set / logic / probability / 
statistics are presented into the book, followed by plithogenic 
aggregation operators, theorems, and then examples and 
applications of these new concepts into our everyday life. 


The Author 
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I. INTRODUCTION TO PLITHOGENY 


I.1. Etymology of Plithogeny 


Plitho-geny etymologically comes from: 

(Gr.) z41j0oc (plithos) = crowd, large number of, multitude, 
plenty of, 

and 

-geny < (Gr.) -yevi& (-geniá) = generation, the production of 
something & yéveia (géneia) = generations, the production of 
something < -yéveon (-génesi) = genesis, origination, creation, 
development, 

according to Translate Google Dictionaries 
[ https://translate.google.com/ ] and Websters New World 
Dictionary of American English, Third College Edition, Simon & 
Schuster, Inc., New York, pp. 562-563, 1988. 

Therefore, plithogeny is the genesis or origination, creation, 
formation, development, and evolution of new entities from 
dynamics and organic fusions of contradictory and/or neutrals 
and/or non-contradictory multiple old entities. 

Plithogeny pleads for the connections and unification of 
theories and ideas in any field. 

As "entities" in this study we take the “knowledges” in 
various fields, such as soft sciences, hard sciences, arts and letters 
theories, etc. 

Plithogeny is the dynamics of many types of opposites, 
and/or their neutrals, and/or non-opposites and their organic 


fusion. 
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Plithogeny is a generalization of dialectics (dynamics of one 
type of opposites: <A> and <antiA>), neutrosophy (dynamics of 
one type of opposites and their neutrals: <A> and <antiA> and 
<neutA>), since plithogeny studies the dynamics of many types of 
opposites and their neutrals and non-opposites (<A> and <antiA> 
and <neutA>, <B> and <antiB> and <neutB>, etc.), and many non- 


opposites (<C>, <D>, etc.) all together. 
1.1.1. Etymology of Plithogenic 


While plithogenic means what is pertaining to plithogeny. 
1.2. Plithogenic Multidisciplinarity 


While Dialectics is the dynamics of opposites (<A> and 
<antiA>), Neutrosophy is the dynamic of opposites and their 
neutrality (<A>, <neutA>, <antiA>), Plithogeny [as a 
generalization of the above two] is the dynamic and fusion of many 
opposites and their neutralities, as well as other non-opposites 
(<A>, <neutA>, <antiA>; <B>, <neutB>, <antiB>; <C>; 
<D>;...). 

Plithogeny organically melts opposites and neutrals and non- 
opposites entities as a melting pot of hybrid or related ideas and 
concepts. 

Plithogeny is multidynamic. 

Plithogeny is a MetaScience. 

Plithogeny is a hyper-hermeneutics, consisting of hyper- 
interpretation of literature and arts, soft and hard sciences, and so 
on. Unconventional research / theory / ideas... 

Of course, the dynamics and fusions do not work for all kind 
of opposites, neutrals, or non-opposites. 
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Plithogeny is referred to the fluctuation of opposites, 
neutrals, and non-opposites that all converge towards the same 
point, then diverge back, and so on. A continuum process of 
merging, and splitting, or integration and disintegration. 

Plithogeny is the basement of plithogenic set, plithogenic 
logic, plithogenic probability, and plithogenic statistics. 


1.3. Applications of Plithogeny 


Of a particular interest is the plithogenic set, that we'll 
present next, since it is an extension of fuzzy set, intuitionistic fuzzy 
set, and neutrosophic set, and has many scientific applications. 

Similarly plithogenic logic, plithogenic probability and 
plithogenic statistics. 

Let ® be a plithogenic aggregation operator [organic 
fusion]. 

1.3.1. Three entities: Religion (<A>) ® Science (<antiA>) CD 
Body (<B>). 

The religious prayer (part of <A>) has been proven be a 
psychological therapy (hence a scientific method that belongs to 
<antiA>), which means a non-empty intersection of <A> and 
<antiA>, or <neutA>, pleading to a spiritual health, which 
positively influences the physical body (<B>). Therefore, a fusion 
between <A>, <antiA>, and <B>, or better — a neutrosophic 


implication: <A> n <antiA> > <B>. 
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1.3.2. Materialism (<A>) CD Idealism (<antiA>) ® Ontology 
(<B>). 

Materialism is a philosophical doctrine stating that the only 
reality is the matter. The emotions, the feelings, and the thoughts 
can also be explained in terms of matter. 

Idealism is a philosophical theory that things (reality) exist 
in our mind only, as ideas; they are dependent of our mind. The 
things are not material objects. 

According to Neutrosophy, the reality is the matter 
(independent of our mind) and our ideas, feelings and thoughts 
(dependent of our mind). Thus, the combination of <A> and 
<antiA> gives <neutA>. 

Ontology is a branch of metaphysics that studies the common 
traits and principles of being, of reality (ultimate substance). But, 
<A> n «B», which is the Materialist Ontology, studies the 
structure, determination and development of respective reality. 
While <antiA> N <B>, which is Idealist Ontology (or 
Gnoseology), studies the knowledge process: its structure, general 
conditions, and validity. Whence <A> N <antiA> N <B> studies 


both the objective and subjective realities of being. 








Etymologically, Gnoseology < Germ. Gnoseologie < Gr. 
yvoonc (gnosis) = knowledge < Gr. yryvóokew (gignóskein) = to 
look with wide open eyes, to goggle, to know. 

We introduce now for the first time this philosophical term 
from German and Romanian languages to English. 

Gnoseology is the theory of cognition; philosophical theory 
refereed to the human’s capacity of knowing the reality and getting 
to the truth. { Dictionarul Explicativ al Limbii Romane, Editura 
Academiei, Bucharest, p. 377, 1975. } 
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1.3.3. Conscious Motivation (<A>) ® Aconscious Motivation 
(<neutA>) ® Unconscious Motivation (<antiA>) CD Optimism 
(<B>) ® Pesimism (<antiB>). 

All above five concepts [Conscious Motivation, Aconscious 
Motivation, Unconscious Motivation, Optimism, and Pesimism] 
are from the neutrosophic philosophical assumptions and 
neutrosophic personality traits. 

The fusion of these five philosophical entities using 
plithogeny ends up in assuming: a degree of optimism and a 
degree of pessimism regarding the motivation at each of the 
memory’s neutrosophic levels: conscious, aconscious, and 


unconscious. 


1.4. Notations for Crisp, Fuzzy, Intuitionistic Fuzzy, 
Neutrosophic, and Plithogenic Set/Logic/Probability 


Operators 


We use the notations for intersection, union, complement, 
less than or equal to, greater than or equal to, and equal to 
respectively - as follows: 

Crisp (Classical): A^,v, a, <, 2, = 

Fuzzy: Ar (tnorm), Vr (tconorm), ws SF, ZF, =F 

Refined Fuzzy: Agr, VRF» arr, CRF, ZRF, =RF 

Intuitionistic Fuzzy: Aur Vig, Ayr, SIF, ZIF, =IF 

Refined Intuitionistic Fuzzy: Agır, VRIF, Aigjpg, SRIF, ZRIF, =RIF 
Neutrosophic: Ay, Vy, a, SN, ZN, =N 

Refined Neutrosophic: Agy, Vgy, ARN» SRN, ZEN, =RN 


Plithogenic: Ap Vp» Tip, SPs ZP, =P. 
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II. PLITHOGENIC SET 


II.1. Informal Definition of Plithogenic Set 


A plithogenic set P is a set whose elements are characterized 
by one or more attributes, and each attribute may have many 
values. 

Each attribute's value v has a corresponding degree of 
appurtenance d(x, v) of the element x, to the set P, with respect to 
some given criteria. 

In order to obtain a better accuracy for the plithogenic 
aggregation operators, a contradiction (dissimilarity) degree is 
defined between each attribute value and the dominant (most 
important) attribute value. 

(However, there are cases when such dominant attribute 
value may not be taking into consideration or may not exist 
[therefore it is considered zero by default], or there may be many 
dominant attribute values. In such cases, either the contradiction 
degree function is suppressed, or another relationship function 
between attribute values should be established.) 

The plithogenic aggregation operators (intersection, union, 
complement, inclusion, equality) are based on contradiction 
degrees between attributes’ values, and the first two are linear 
combinations of the fuzzy operators’ tnorm and tconorm. 


Plithogenic set is a generalization of the crisp set, fuzzy set, 





intuitionistic fuzzy set, and neutrosophic set, since these four types 








of sets are characterized by a single attribute value (appurtenance): 
which has one value (membership) — for the crisp set and fuzzy set, 
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two values (membership, and nonmembership) — for intuitionistic 
fuzzy set, or three values (membership, nonmembership, and 
indeterminacy) — for neutrosophic set. 

A plithogenic set, in general, may have elements 


characterized by attributes with four or more attribute values. 


II.2. Formal Definition of Single (Uni-Dimensional) 


Attribute Plithogenic Set 


Let U be a universe of discourse, and P a non-empty set of 
elements, P € U. 


II.2.1. Attribute Value Spectrum 


Let zë be a non-empty set of uni-dimensional attributes 

A = (0, 02, ..., Qm, 
m = l; and a € # be a given attribute whose spectrum of all 
possible values (or states) is the non-empty set S, where S can be a 
finite discrete set, S = {s1, s», ..., si}, 1 € I «oo, or infinitely 
countable set S = Aen s2 .., Sof, or infinitely uncountable 
(continuum) set S = Ja, b|, a < b, where J...[ is any open, semi- 
open, or closed interval from the set of real numbers or from other 
general set. 


II.2.2. Attribute Value Range 


Let V be a non-empty subset of S, where V is the range of all 
attribute's values needed by the experts for their application. Each 
element x € P is characterized by all attribute's values in V = fu, 


V2, ..., Vn}, for n 2 1. 
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II.2.3. Dominant Attribute Value 


Into the attribute’s value set V, in general, there is a dominant 
attribute value, which is determined by the experts upon their 
application. Dominant attribute value means the most important 
attribute value that the experts are interested in. 

{However, there are cases when such dominant attribute 
value may not be taking into consideration or not exist, or there 
may be many dominant (important) attribute values - when 


different approach should be employed. } 
11.2.4. Attribute Value Appurtenance Degree Function 


Each attributes value v € V has a corresponding degree of 
appurtenance d(x, v) of the element x, to the set P, with respect to 
some given criteria. 

The degree of appurtenance may be: a fuzzy degree of 
appurtenance, or intuitionistic fuzzy degree of appurtenance, or 
neutrosophic degree of appurtenance to the plithogenic set. 

Therefore, the attribute value appurtenance degree function 
is: 

Vx € P, d: PXV9 P ([0, 1P, (1) 
so d(x, v) is a subset of [0, UE. where 2010. 1] 7) is the power set of 
the /0, 1] ^, where z = 1 (for fuzzy degree of appurtenance), z = 2 
(for intuitionistic fuzzy degree of appurtenance), or z — 3 (for 
neutrosophic degree de appurtenance). 


II.2.5. Attribute Value Contradiction (Dissimilarity) 
Degree Function 


Let the cardinal |V] 2 1. 
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Let c: VxV > [0, 1] be the attribute value contradiction 
degree function (that we introduce now for the first time) between 
any two attribute values v; and v2, denoted by 

c(v1, v), and satisfying the following axioms: 

c(vi, vi) = 0, the contradiction degree between the same 
attribute values is zero; 

C(V1, V2) = c(v2, vi), commutativity. 


For simplicity, we use a fuzzy attribute value contradiction 





degree function (c as above, that we may denote by cr in order to 
distinguish it from the next two), but an intuitionistic attribute 
value contradiction function (cir : Vx V  [0, 1]^), or more general 
a neutrosophic attribute value contradiction function (cy : Vx V > 
[0, 1I?) may be utilized increasing the complexity of calculation 
but the accuracy as well. 

We mostly compute the contradiction degree between uni- 
dimensional attribute values. For multi-dimensional attribute 
values we split them into corresponding uni-dimensional attribute 
values. 

The attribute value contradiction degree function helps the 
plithogenic aggregation operators, and the plithogenic inclusion 
(partial order) relationship to obtain a more accurate result. 

The attribute value contradiction degree function is designed 
in each field where plithogenic set is used in accordance with the 
application to solve. If it is ignored, the aggregations still work, but 
the result may lose accuracy. 

Several examples will be provided into this book. 

Then (P, a, V, d, c) is called a plithogenic set: 

e where “P” is a set, “a” is a (multi-dimensional in general) 
attribute, “V” is the range of the attribute's values, “d” is the degree 
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of appurtenance of each element x’s attribute value to the set P with 
respect to some given criteria (x € P), and “d” stands for “dp” or 
“dip” or “dy”, when dealing with fuzzy degree of appurtenance, 
intuitionistic fuzzy degree of appurtenance, or neutrosophic degree 
of appurtenance respectively of an element x to the plithogenic set 
P; 
e and “c” stands for “cr” or “cir” or “cn”, when dealing with fuzzy 
degree of contradiction, intuitionistic fuzzy degree of 
contradiction, or neutrosophic degree of contradiction between 
attribute values respectively. 

The functions d) and ct) are defined in accordance 
with the applications the experts need to solve. 

One uses the notation: 

x(d(x, V)), 
where d(x,V) = {d(x, v), for all v E V), Vx € P. 


11.2.6. About the Plithogenic Aggregation Set Operators 


The attribute value contradiction degree is calculated 
between each attribute value with respect to the dominant attribute 
value (denoted vp) in special, and with respect to other attribute 
values as well. 

The attribute value contradiction degree function c between 
the attribute's values is used into the definition of plithogenic 
aggregation operators {Intersection (AND), Union (OR), 
Implication (= ), Equivalence ( €»), Inclusion Relationship 
(Partial Order), and other plithogenic aggregation operators that 
combine two or more attribute value degrees - that tnorm and fconorm 


act upon}. 
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Most of the plithogenic aggregation operators are linear 
combinations of the fuzzy tnorm (denoted Ar ), and fuzzy teonorm 
(denoted V f), but non-linear combinations may as well be 
constructed. 

If one applies the tnorm on dominant attribute value denoted 
by vp, and the contradiction between vp and v» is c(vp, v2), then 
onto attribute value v2 one applies: 

[1 — cvp, v) |.tnorm(Vp, v2) + c(vp, V2)-tconorm(VD, V2), (2) 

Or, by using symbols: 

[1 — c(vp, v3) | (vbArv2) + c(vp, v3): (vbVrv»). (3) 

Similarly, if one applies the fconorm on dominant attribute 
value denoted by vp, and the contradiction between vp and v2 is 
c(VD, v2), then onto attribute value v2 one applies: 

[1 — erun, v2) ]-tconomm(vp, v2) + c(vp, v2):tnom(vp, v2), (4) 

Or, by using symbols: 

[1 — c(vp, vz)]-(vpVrvoz) + c(vp, v2) (vb^rv3). (5) 


II.3. Plithogenic Set as Generalization of other Sets 


The plithogenic set is an extension of all: crisp set, fuzzy set, 
intuitionistic fuzzy set, and neutrosophic set. 

For examples: 

Let U be a universe of discourse, and a non-empty set P € 
U. Let x € P be a generic element. 


II.3.1. Crisp (Classical) Set (CCS) 


The attribute is a = “appurtenance”; 
the set of attribute values V — (membership, 
nonmembershipj, with cardinal |V| = 2; 


the dominant attribute value — membership; 


28 


the attribute value appurtenance degree function: 
d: PxV—{0, 1}, (6) 
d(x, membership) = 1, d(x, nonmembership) = 0, 
and the attribute value contradiction degree function: 
c: VxV9(0, 1}, (7) 
c(membership, membership) = c(nonmembership, 
nonmembership) — 0, 


c(membership, nonmembership) = 1. 


II.3. 1.1. Crisp (Classical) Intersection 


a/\be (0,1) (8) 
II.3.1.2. Crisp (Classical) Union 

a Vb e (0,1) (9) 
II.3.1.3. Crisp (Classical) Complement (Negation) 

^ae {0, 1j. (10) 


II.3.2. Single-Valued Fuzzy Set (SVFS) 


The attribute is a = “appurtenance”; 
the set of attribute values V = {membership}, whose 
cardinal |V| = 1; 
the dominant attribute value = membership; 
the appurtenance attribute value degree function: 
d: PxV>[0, 1], (11) 
with d(x, membership) € [0, 1]; 
and the attribute value contradiction degree function: 
c: VxV>[0, 1], (12) 
c(membership, membership) = 0. 
II.3.2.1. Fuzzy Intersection 
a ^r b € [0, 1] (13) 
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I1I.3.2.2. Fuzzy Union 


a Vr b € [0, 1] (14) 
11.3.2.3. Fuzzy Complement (Negation) 
—ra-1-a e[0, 1]. (15) 


II.3.3. Single-Valued Intuitionistic Fuzzy Set (SVIFS) 


The attribute is a = “appurtenance”; 
the set of attribute values V — (membership, 
nonmembership}, whose cardinal |V| = 2; 
the dominant attribute value = membership; 
the appurtenance attribute value degree function: 
d: PxV>[0, 1], (16) 
d(x, membership) € [0, 1], d(x, nonmembership) € [0, 1], 
with d(x, membership) + d(x, nonmembership) < 1, 
and the attribute value contradiction degree function: 
c: VxV—[0, 1], (17) 
c(membership, membership) = c(nonmembership, 
nonmembership) — 0, 
c(membership, nonmembership) = 1, 
which means that for SVIFS aggregation operators' intersection 
(AND) and union (OR), if one applies the trom on membership 
degree, then one has to apply the tconorm on nonmembership degree 
— and reciprocally. 
Therefore: 


II.3.3.1. Intuitionistic Fuzzy Intersection 


(at, a2) Nes (by, By) = (^c Bm Vr B) (18) 
I1I.3.3.2. Intuitionistic Fuzzy Union 


(a1, a2) Virs (by, b2) = (à; Vg Daf Ay A (19) 
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and 
11.3.3.3. Intuitionistic Fuzzy Complement (Negation) 

— Fs (a1, a2) = (a2, a1). (20) 
where Ar and Vr are the fuzzy tnorm and fuzzy tconorm respectively. 
I11.3.3.4. Intuitionistic Fuzzy Inclusions (Partial Orders) 
1I1.3.3.4.1. Simple Intuitionistic Fuzzy Inclusion (the most used by 
the intuitionistic fuzzy community): 

(a1, a2) &irs (b4, b2) (21) 

iff a; € bı and a2 2 b2. 
1I.3.3.4.2. Plithogenic (Complete) Intuitionistic Fuzzy Inclusion 
(that we now introduce for the first time): 

(a1, a2) <p (bi, bz) (22) 

iff a, <(1—c,)-b,a, 2 (l-c,): b, 
where c» € [0, 0.5) is the contradiction degree between the attribute 
dominant value and the attribute value v ( the last one whose 
degree of appurtenance with respect to Expert A is (ai, a2), while 
with respect to Expert B is (bi, b2) }. If cv does not exist, we take 
it by default as equal to zero. 


II.3.4. Single-Valued Neutrosophic Set (SVNS) 


The attribute is a = “appurtenance”; 

the set of attribute values V = (membership, indeterminacy, 
nonmembership}, whose cardinal |V| = 3; 

the dominant attribute value — membership; 

the attribute value appurtenance degree function: 

d: PxV>[0, 1], (23) 

d(x, membership) € [0, 1], d(x, indeterminacy) € [0, 1], 

d(x, nonmembership) € [0, 1], 
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with 0 < d(x, membership) + d(x, indeterminacy) + d(x, 
nonmembership) < 3; 
and the attribute value contradiction degree function: 
c: VxV—[0, 1], (24) 
c(membership, membership) — c(indeterminacy, indeterminacy) 
— c(nonmembership, nonmembership) — 0, 
c(membership, nonmembership) = 1, 
c(membership, indeterminacy) = c(nonmembership, 
indeterminacy) = 0.5, 
which means that for the SVNS aggregation operators 
(Intersection, Union, Complement etc.), if one applies the tnorm on 
membership, then one has to apply the tconorm on nonmembership 
{and reciprocally), while on indeterminacy one applies the average 
Of tnorm and teonorm, as follows: 
II.3.4.1. Neutrosophic Intersection: 
1I.3.4.1.1. Simple Neutrosophic Intersection (the most used by the 
neutrosophic community): 
(a1, a2, a3) Ans (by, b2, b3) — (a Ap ba, Vp ba, v, b) Q5) 


1I.3.4.1.2. Plithogenic Neutrosophic Intersection 
(a1, a2, a3) AP (by, b>, b3) = 
(a ^r b. [os ^r b,) * (a; Vr by) |,a3 Vp d 
(26) 
11.3.4.2. Neutrosophic Union: 
1I.3.4.2.1. Simple Neutrosophic Union (the most used by the 
neutrosophic community): 
(a1, a2, a3) Vus (by, b2, b3) = 
(a, Vp boad, ^p Did ^p b,) (27) 
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1I.3.4.2.2. Plithogenic Neutrosophic Union 
(ai, a2, a3) VP (b, bo, bs) 


1 
= (a Vp EE Ap b)+ (a; Vp b;) a, Ap 3 (28) 


In other way, with respect to what one applies on the 
membership, one applies the opposite on non-membership, while 
on indeterminacy one applies the average between them. 
11.3.4.3. Neutrosophic Complement (Negation): 

—ws (44, 05, a3) = (a3, Az, ay). (29) 
II.3.4.4. Neutrosophic Inclusions (Partial-Orders) 
1I1.3.4.4.1. Simple Neutrosophic Inclusion (the most used by the 
neutrosophic community): 

(a1, a2, a3) Eus (by, b, b3) (30) 
iff a; € bı and a2 > b», a3 2 bs. 
1I.3.4.4.2. Plithogenic Neutrosophic Inclusion (defined now for 
the first time): 

Since the degrees of contradiction are 

c(ai, a2) = c(a2, a3) = c(bi, b2) = c(b2, b3) = 0.5, (31) 
one applies: a» > [1- c(ai, az)]b2 or a2 2 (1-0.5)52 or az>0.5-b2 
while 

c(ai, a3) = c(bi, b3) = 1 (32) 

(having a; € bi one does the opposite for a3 > b3}, 
whence 

(ai, a2, a3) <P (by, bz, b3) (33) 

iff a; € bi and a2 > 0.5-b2, as = bs. 
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11.3.5. Single-Valued Refined Fuzzy Set (SVRFS) 


For the first time the fuzzy set was refined by Smarandache 
[2] in 2016 as follows: 

A SVRFS number has the form: 

(Ti, T2, ..., Tp), 
where p = 2 is an integer, and all T; € /0, 1], forj € {1, 2, ..., p}. 

The attribute a = “appurtenance”; 

the set of attribute values V = fmi, m», ..., mp], where “m” 

means submembership; 
the dominant attribute values = mi, m2, ..., mp; 


the attribute value appurtenance degree function: 


d: PxV>[0, 1], (34) 
d(x, mj) € [0, 1], for all j, 

and 37 de(m;) € 1; (35) 
and the attribute value contradiction degree function: 
c(mj,,mj,) = 0, (36) 


for all jz, j2 € {1, 2, ..., p}. 

Aggregation operators on SVRFS: 

Let (aj, 1 < j € p), with all a; € /0, 1], bea SVRFS number, 
which means that the sub-truths 7; = a; for all 1 < j < p. 
II.3.5.1. Refined Fuzzy Intersection: 

(a;1€j € p) wrs(b;1x j € p) 

= (a; ^, bs js p). (37) 
1I.3.5.2. Refined Fuzzy Union: 

(a;,1 <j <p) Vars (b1 <j <p) 


= (a, Vp b,ls jsp). (38) 
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I1I.3.5.3. Refined Fuzzy Complement (Negation): 
sees (T; = 41S jf <p)=(F=a,1<j<p), (39) 
where E: are the sub-falsehoods, for all 1 € j < p. 
II.3.5.4. Refined Fuzzy Inclusion (Partial-Order) 
(a;,1 <j <p) zws(b;1xj <p) (40) 
iffa; € b; forall 1 <j <p. 


II.3.6. Single-Valued Refined Intuitionistic Fuzzy Set 
(SVRIFS) 


For the first time, the intuitionistic fuzzy set was refined by 
Smarandache [2] in 2016, as follows: 
A SVRIFS number has the form: 
dS e To FrP za; Es), 
where p, r = | are integers, and p +r = 3, and all T;, Fi €/0, 1], for 
3 €(01.2, sp) and PEL, 2, ..., S}. 
The attribute a = “appurtenance”; 
the set of attribute values V = (mi, m», ..., mp; nmi, nma, ..., 
nmp}, where “m” means submembership, and “nm” 
subnonmembership; 
the dominant attribute values = mi, m2, ..., mp; 


the attribute value appurtenance degree function: 


d: PxV[0, 1], (41) 
d(x, mj) € [0, 1], for all j, and d(x, nmi) € [0, 1], for all Z, 
where 

Y^ a dy (mj) + Xiid(nm) < 1; (42) 


and the attribute value contradiction degree function: 
c(m;,, mj, ) = c(nm,, nm, ) = 0, (43) 


for all 4, j; € {1, 2, ..., p}, and L, lp € (1,2, ..., s}, 
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while c(m;,nm,) = 1 for all j and /. 
Aggregation operators on SVRIFS: 
II.3.6.1. Refined Intuitionistic Set Intersection: 
(a1 <j <p;bp 1 St S's) Ages 
(c,1<j<p;d,1<l<s)= 
(au As e tS P S pb Ved, Vis). (44) 
11.3.6.2. Refined Intuitionistic Set Union 
(aj1€j€pib,1€lss)vg 
(c,1<j<p;d,1<l<s)= 
(a, Vp e 1€ j & ps, Ap dy 1S1Ss). (45) 
11.3.6.3. Refined Intuitionistic Complement (Negation) 
ars (Tj =a 1 <j <p; F; =b,1<1l<s)= 
(T; =b,1<1l<s; F} =a,1<j <p). (46) 
II.3.6.4. Refined Intuitionistic Inclusions (Partial Orders) 
1I1.3.6.4.1. Simple Refined Intuitionistic Inclusion 
(aj1€j€pib,lslss)Szys 
(u,1<j<p;w,1<lss) (47) 
iff 
aj <ujforall1 <j € p and wizdiforall 1€ | & s. 
1I.3.6.4.2. Plithogenic Refined Intuitionistic Inclusion 
(a,,1< j<p;b,1<I<s)<, 
(48) 
(o. / CS EC ES E s) 
iff a, <(l—c,)-u, for all 1 <j € p and 5 2 (1—6,):w, 


foralli<Il<s, 
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where similarly c» € [0, 0.5) is the contradiction degree between 
the attribute dominant value and the attribute value v. If c» does not 
exist, we take it by default as equal to zero. 


II.3.7. Single-Valued Finitely Refined Neutrosophic Set 
(SVFRNS) 


The Single-Valued Refined Neutrosophic Set and Logic 
were first defined by Smarandache [3] in 2013. 
A SVFRNS number has the form: 
(Tr Tz ai, Tp; D, I, ..., Iy Fi, F2, ..., Fs), 
where p, r, s 2:1 are integers, with p +r +s > 4, 
and all Tj, Ik, Fi €[0, 1], for j E {1, 2, ..., p}, ke {1, 2, ..., 
r}, andl E€ {1,2,..., s}. 
The attribute a = “appurtenance”; 
the set of attribute values V = (mi, mz, ..., mp; ii, i2, ..., ir; 
DG, fs], where “m” means submembership, “i” 
subindeterminacy, and “f? sub-nonmembership; 
the dominant attribute values = mi, m2, ..., mp; 
the attribute value appurtenance degree function: 
d: PxV—[0, 1], (49) 
d(x, mj) € [0, 1], d(x, ij) € [0, 1], d(x, f) € [0, 1], for all j, k, l, 
with 
0< Y si dy(m;) + Lear Ax (ie) + Lia ae Gf) S p trs; 
(50) 
and the attribute value contradiction degree function: 
c(m;,,mj,) = C(ix,» ix, ) = cb, fi) = 0, (51) 
for all ji, j2 E {1, 2, ..., p}, ky, k € {1, 2, ..., r}, and 4, 
l E {1, 2, ...., S}; 


c(m; fi) = 1, (52) 
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c(mj,iy) = crix) = 0.5, (53) 
for all j, k, L 
Aggregation operators on SVFRNS: 
II.3. 7.1. Refined Neutrosophic Set Intersection: 
(a;,1 <jspib,lsk<sr;g,1<l ZS us 
(u,1<j<p;o1<k<r;w,1<l<s)= 
1 
teu, lays pi Ap 0,) (b, Vp o,) |.g Vr Wes |. 
l</<s 
(54) 
and 
II.3.7.2. Refined Neutrosophic Set Union: 
(aj,1 <jspibhlsk<sr;g,1<l <5) Vays 


(u,1<j<pio,1<k<r;w,1<l<s)= 


1 
a, Vp ul < pz Ap 0,) + (b, v o,) |, 


l<k<r3g,A,w,lsiss 


(55) 


11.3. 7.3. Refined Neutrosophic Complement (Negation): 
( Tj =aj,1 <j <pilk = by, ) 
UNO ekernkEegeiss 
e T=Qislss;k=b1 Sk <7; (56) 
Qislss;FK=a,1Sj<p : 
where all T; = sub-truths, all /; = sub-indeterminacies, and all F; = 
sub-falsehoods. 
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II.3. 7.4. Refined Neutrosophic Inclusions (Partial-Orders): 

1I.3.7.4.1. Simple Refined Neutrosophic Inclusion 

(4,1 Sj <pibel Sk <r; gil Sl s )<us 
(u,1<j<p;o1<k<r;w,1<l<s) (57) 
iff all aj < uj, all bx Sox and all gi > w.. 

1I.3.7.4.2. Plithogenic Refined Neutrosophic Inclusion 


(a 1< j< sb, A Sk Erg, 1 &1& s) 
(58) 





Sp (u,,1< j € pio, A &k &riw,1&1&s) 


iff all aj < (1-cv)-uj, all bx > (1-cv)-ox and all gi > (1-cv)-w1, 
where c» € [0, 0.5) is the contradiction degree between the attribute 
dominant value and the attribute value v. If c» does not exist, we 
take it by default as equal to zero. 


II.4. One-Attribute-Value Plithogenic Single-Valued 
Set Operators 


If onto the dominant attribute value vp one applies the 
plithogenic tnorm, then on an attribute value v4 whose contradiction 
degree with respect to vp is 1, one applies the opposite, i.e. the 
plithogenic tconorm. 

While onto an attribute value v; whose contradiction degree 
with respect to vp belongs to (0, 1), one applies a linear 
combination of the tnorm and tconorm: 

a * tnormlda (v2), dg (v2)] + B ` tconormlda (v2), dg (v2)], (59) 

with a, B € (0,1), and a +p — 1. 
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When doing a plithogenic intersection: the closer is 
Co, V2) to 0, the larger is the percentage of tnorm added and the 
smaller is the percentage of tconorm added. 

And reciprocally, when doing a plithogenic union: the closer 
is C(Vp, V2) to 0, the smaller is the percentage of tnorm added and 
the bigger is the percentage of tconorm added. 

If c(vp, v2) = =, then the plithogenic intersection coincides 
with the plithogenic union: 

d4(V2) ^p dp (V2) = 

>: [da(vz) Ar dg(v2)] +5: [da(v2) Vr dava) — (60) 

while 
d4(v;) Vp dg (v2) = 

>: [da(vz) Vr dg(v2)] +5: [da(v2) ^e dg(v2)]. — (61) 

If onto vp one applies A, then on all v's with c(vp,v) < 
0.5 one also applies Ap, while on those v’s with c(vp, v) = 0.5 
one applies the opposite (Vp). 

And reciprocally: if on vp one applies Vp, then on all vis 
with c(vp, v) < 0.5 one also applies Vp, while on those vis with 


Co, v) = 0.5 one applies the opposite (^p). 
II.4.1. One-Attribute-Value Plithogenic Single-Valued 
Fuzzy Set Operators 


Let U be a universe of discourse, and a subset of it P bea 
plithogenic set, and x € P an element. Let a be a uni-dimensional 
attribute that characterize x, and v an attribute value, v € V, where 


V is set of all attribute’s a values used into solving an application. 


40 


The degree of contradiction c(vp, v) = Co € [0,1] between 
the dominant attribute value vp and the attribute value v. 

Let’s consider two experts, A and B, each evaluating the 
single-valued fuzzy degree of appurtenance of attribute value v of 
x to the set P with respect to some given criteria: 

dl (v) = a € [0,1], and 

db(v) = b € [0,1]. 

Let Ap and Vp be a fuzzy tnorm and respectively fuzzy tconorm. 


II.4.2. One-Attribute-Value Plithogenic Single-Valued 


Fuzzy Set Intersection 


a ^p b = (1— cg): [a ^g b] + co: [a Vg D]. (62) 

If c(vp, v) = Co € [0, 0.5) then more weight is assigned onto 
the tnom(a, b)= a Ap b than onto tconorm(a,b) = a Vp b; this is a 
proper plithogenic intersection. 

If c(vp, v) = Co € (0.5, 1] then less weight is assigned onto 
the tnorm(a, b)= a Ap b than onto tconom (a,b) = a Vg b; this becomes 
(rather) an improper plithogenic union. 

If c(vp, v) = Co € 0.5 then the same weight {0.5} is assigned 
onto the 

tnorm(a, b)= a Ag b and on tconor (a,b) = a Vp b. 


II.4.3. One-Attribute-Value Plithogenic Single-Valued 
Fuzzy Set Union 
a Vy b = (1— cg) [a Vg b] + co : [a Apr D]. (63) 
If c(vp, v) = Co € [0, 0.5) then more weight is assigned onto 


the tconorm(a, b)= a Vp b than onto tnorm(a,b) =q Nf b; this is a 
proper plithogenic union. 
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If c(vp, v) = Co € (0.5, 1] then less weight is assigned onto 
the tconorm(a, b)= a Vp b than onto tnorm(a,b) = a Ap b; this is 
(rather) an improper plithogenic intersection. 

If c(vp, v) = Co € 0.5 then the same weight {0.5} is assigned 
onto the 

tconorm(a, b)= a ^g b and on tnorm(a,b) = a Vp b. 


II.4.4. One-Attribute-Value Plithogenic Single-Valued 
Fuzzy Set Complements (Negations) 


II.4.4.1. Denying the Attribute Value 
(v) = anti(v), (64) 
ie. the opposite of v, where anti(v) € V or anti(v) € 
Ref inedV (refined set of V). 


So, we get: 

dl (anti(v)) = a. (65) 
II.4.4.2. Denying the Attribute Value Degree 

—p(a) 21— a, or pdi (v) 2 1— a. (66) 

ee statu) (67) 


II.5. One-Attribute-Value Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Operators 
Let's consider the single-valued intuitionistic fuzzy degree 


of appurtenance of attribute value v of x to the set P with respect 


to some given criteria: 


d4 (v) = (a,,a2) € [0, 1]?, (68) 
and 
dg (v) = (b, b2) € [0, Ur, (69) 
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11.5.1. One-Attribute-Value Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Intersection 

(ay, a2) Ap (by,b2) = (a4 Ap a2, b Vp b; ). (70) 
11.5.2. One-Attribute-Value Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Union 

(a4, Q5) Vp (bi, b>) = (a, Vp Q5, bi Np b, ). (71) 
11.5.3. One-Attribute-Value Plithogenic Single-Valued 


Intuitionistic Complements Set (Negations) 


Tp (ay, Az) = (a2, a1) (72) 
Ap (41, az) = (1—a4,1— a2) (73) 
Etc. 


11.5.4. One-Attribute-Value Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Inclusions (Partial Orders) 
(Ay, 42) Sp (by b2) ifai € (1-cy)-b1, a2 > (1-cy)-b2, (74) 


where c» € [0, 0.5) is the contradiction degree between the attribute 


dominant value and the attribute value v. 


II.5.5. One-Attribute-Value Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Equality 


(a1, Az) =p (b, b2) if (ay, a2) Sp (b,, b2) (75) 
and 
(b,, b2) Sp (a4, a2). (76) 
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II.6. One-Attribute Value Plithogenic Single-Valued 
Neutrosophic Set Operators 
Let's consider the single-valued neutrosophic degree of 


appurtenance of attribute value v of x to the set P with respect to 


some given criteria: 


di (v) = (a, a2, az) E [0, 1p, (77) 
and 
dg (v) = (b, bz, b3) € [0, 1]?. (78) 


II.6.1. One-Attribute-Value Plithogenic Single-Valued 
Neutrosophic Set Intersection 

(a, a2, a3) ^p (b, bz, b3) = 

= (a, Np bi (a; Ar bz + az ^g b2), a3 Vp bs). (79) 
11.6.2. One-Attribute-Value Plithogenic Single-Valued 
Neutrosophic Set Union 

(a, 42,43) Vp (bi, bz, b3) = 

(a, Vp bis (az Ar bz + az Vr bz), as ^p bz). (80) 
11.6.3. One-Attribute-Value Plithogenic Single-Valued 


Neutrosophic Set Complements (Negations) 


Tp (dy, a2, a3) = (a3, a2, a1) (81) 
sp (a1, A2,A3) = (az, 1 — a2, a1) (82) 
Ap (a1, 2,43) = (1 — a1, a2, 1 — a3) (83) 
Etc. 
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11.6.4. One-Attribute-Value Plithogenic Single-Valued 
Neutrosophic Inclusions Set (Partial Orders) 
II.6.4.1. Simple Neutrosophic Inclusion 


(a, a2, a3) Sy (by, bz, b3) (84) 
if ai € bi, a2 > bo, as 2 bs. 





11.6.4.2. Complete Neutrosophic Inclusion 
(a1, a2, a3) Sp (b,, bz, b3) (85) 
if ai € bi, a2 > 0.5-b2, az > bs. 
11.6.5. One-Attribute-Value Plithogenic Single-Valued 
Neutrosophic Set Equality 
(a1, 2,3) =n (by, bz, b3) (86) 
if (a4, Q5, a3) <n (b,, bo, b3) 
and (b4, b2, b3) Sy (a4, a2, a3). 
And similarly: 
(a1, a2, a3) =p (by, bz, b3) (87) 
if (a4, Q5, a3) Sp (5, bo, b3) 
and (by, bz, bs) Sp (a4, a2, a3). 


II.7. n-Attribute-Values Plithogenic Single-Valued 
Set Operators 


The easiest way to apply the plithogenic operators on a 


multi-attribute plithogenic set is to split back the m-dimensional 


attribute, m > 1, into m uni-dimensional attributes, and separately 


apply the plithogenic operators on the set of all values (needed by 


the application to solve) of each given attribute. 
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Therefore, let a be a given attribute, characterizing each 
element x € P, whose set of values are: 

V = D və, ..., Vn} HA V2, -npn 2 1, (88) 
where vp = dominant attribute value, and c(vp, v;) = c; € [0,1] 
the contradiction degrees. Without restricting the generality, we 
consider the values arranged in an increasing order with respect to 


their contradiction degrees, i.e.: 
1 
C(Vvp, Vp) = 0 < Cy < C2 < eee < Cio «35 


dd aep e. (89) 


II.7.1. n-Attribute-Values Plithogenic Single-Valued 
Fuzzy Set Operators 


Let's consider two experts, A and B, which evaluate an 
element x, with respect to the fuzzy degree of the values v4, ..., Vn 
of appurtenance to the set P, upon some given criteria: 

di:P x V > [0,1], d (x, vj) = aj € [0,1], (90) 

db:P x V > [0,1], d&(x, vj) = b; € [0,1], (91) 

for all i € (1,2, ..., n]. 


II.7.2. n-Attribute-Values Plithogenic Single-Valued 
Fuzzy Set Intersection 


(a, a2, city Qio, Aigi» SS An) Np CH bo, tiny Di,» bios 2925) bn) = 


S Ap By, A2 Np b», ..., Qj, Np a 


92 
Qij41 Np Diyas 1 An Np b, ( ) 


The first ig intersections are proper plithogenic intersections 
(the weights onto the fnorm’s are bigger than onto fconorm' S): 
Q4 Ap Du, 02 Np D2, ..., ai, ^p bi, (93) 
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whereas the next n - ig intersections 

Gj 1 ^p Bioti» Da Ap Dn (94) 

are improper plithogenic unions (since the weights onto the 
Ínorm S are less than onto fconorm' S): 


II.7.3. n-Attribute-Values Plithogenic Single-Valued 
Fuzzy Set Union 


(a, 5, nx Aig ligt eo an) Vp (bi, bz, ass Dips Bioti» mulis) 
= (a, Vp by, A2 Vp Da, ig Vp Digs Gia Vp Digi =» An Vp Dn ) 
(95) 
The first ig unions are proper plithogenic unions (the weights 
onto the feonorm’s are bigger than onto fnorm' S): 
Q4 Vy by, 2 Vp Da Gi, Vp Di, (96) 
whereas the next n - iy unions 
Gj 1 Vp Bigti» Da Vp Dn (97) 
are improper plithogenic intersections (since the weights 
onto the feonorm’s are less than onto fnorm’s): 


II.7.4. n-Attribute-Values Plithogenic Single-Valued 
Fuzzy Set Complements (Negations) 


In general, for a generic x € P, characterized by the uni- 
dimensional attribute a, whose values are V = (vp, V2, ..., Vn) n = 
2, whose attribute value contradiction degrees (with respect to the 
dominant attribute value vp ) are respectively: 0 € c; <= < 
C41 € Cn € 1, and their attribute value degrees of appurtenance 
to the set P are respectively ap, a5, ...,An—-1,4, € [0, 1], then the 
plithogenic fuzzy complement (negation) of x is: 
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0 C2 Cn-1 Cn 
[x Vp, V2, ..., Vn-1, Vn |] = 


Ap 42 An-1 An 
Pech... l4. 1-—c, 1-—0p 
zip DE anti(v,_1) ...anti(v2) anei) ) (98) 
an An-1 a2 ap 
Some anti(V;) may coincide with some V;, whereas other 
anti(V;) may fall in between two consecutive [vy, vy,4] or we 
may say that they belong to the Refined set V; 


Or 


Vr Ved E 
SE (99) 

(This version gives an exact result when the contradiction 
degrees are equi-distant (for example: 0, 0.25, 0.50, 0.75, 1) or 
symmetric with respect to the center 0.5 (for example: 0, 0.4, 0.6, 
1), and an approximate result when they are not equi-distant and 
not symmetric to the center (for example: 0, 0.3, 0.8, 0.9, 1);} 

Or 

Di Us uw Vi Viy oe h 

—41—2a5..1— di 1 GER xis des a, (100) 

where anti(v;) € V or anti(v;) € RefinedV , for all i € 
{1,2,... n}. 


0 


II.7.5. n-Attribute-Values Plithogenic Single-Valued 


Fuzzy Set Inclusions (Partial Orders) 


II. 7.5.1. Simple Inclusion (Partial Order) 
(aap, ny is ligt sAn) <y 
(bi, bz, u, bips bti =bn) (101) 
if 
aı € b,,a5 € Da 
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Qj, S bip Gi 41 Z bigti = An Z Dy. 
II. 7.5.2. Plithogenic Inclusion (Partial Order) 
(dois. ng i pad sAn) Sp 
EE ba) 
if 
ai € (1-ci) bi, 
a2 € (1-c2): b,,..., 
a, <(-c,)-8,, 
4,4, 2(-¢,,,)°8, 


a, 2(l-c,)-b, 


ig +1?° 


(102) 


(103) 


11.7.6. n-Attribute-Values Plithogenic Single-Valued 


Fuzzy Set Equality 


(a, az, Se , Din: Aliot? sAn) =p 
(by, bz, .. Digs biti > Pn) 

if 
(a, az, ^ jo iol; aids) Sp 
(by, bay ..., Digs bi uas Dal 
and 
(bi, bz, =, bip bigti =o bn) S 
(a, a2, ++, Qip Gio 1 s An). 


Similarly for “=n”. 


(104) 


(105) 


(106) 


II.8. n-Attribute-Values Plithogenic Single-Valued 


Intuitionistic Fuzzy Set Operators 


Let the intuitionistic fuzzy degree functions be: 
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diF:PxV > [0,1]?, di (x, v;i) = (a; ai) € [0,1]?, (107) 
dif: P x V > [0,1]?, d (x, v;) = (bi, bi) € [0,1]?, (108) 
for all i € (1,2, ...,n]. 

II.8.1. n-Attribute-Values Plithogenic Single-Valued 


Intuitionistic Fuzzy Set Intersection 


(Can, a12), (a21, 422), ..., (ai ai.2), (aio 8i,44,2), s dai an2)) Np 
(Gu, bi2), (b21, b22), sae) (bio DIEN (bi, sis bi.s12), ses? (ba, bna)) = 
(a11 Ap bij 012 Vp b12), (a21 An b21» A22 Vp b22), ..., 
(aii ^» bior Dia? Vp bina), (4;,411 Ap bi, 41,1) Qig1,2 Vp bas) wey | 
(anı Ap bna» 02 Vp bn2) 
(109) 
Similarly, the first iọ intersections (of first duplet 


components) are proper plithogenic intuitionistic fuzzy 


intersections 
CH Np 541, Q12 Vp bal (azı Np b21» A22 Vp baal I 


since for each duplet, for the first component, the weights 
onto the tnomm’s are bigger than onto fconorm'S, while for the second 
component the weights onto the fnorm’s are smaller than onto 
Íconorm S, 

And the next n - ig intersections (of first duplet components) 
are rather plithogenic intuitionistic fuzzy unions: 
(a, 113 Ap Þio+1,1 Grat 3 Vp Bio1,2)» = (Ana ^p Put Anz Vp bnz) 

(111) 

since for each duplet, for the first component, the weights 

onto the frorm’s are smaller than onto tconorm’s, while for the second 
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component the weights onto the fnorm’s are bigger than onto 


3 
tconorm S, 


11.8.2. Attribute-Values Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Union 


Let’s use simpler notations of the elements: 

(o, ai), 1 Si € n) Vy (Di; Diz), 1S i <n) = 

((ai Vp bi aia Ap biz), s i n). (112) 

Analogously, the first ip unions are proper plithogenic 
intuitionistic fuzzy unions, since for each duplet, for the first duplet 
component, the weights onto the fconorm’s are bigger than onto 
tnorm S, While for the second duplet component the weights onto the 
Íconorm S are smaller than onto fnorm’s, 

And the next n - ig unions are improper plithogenic 
intuitionistic fuzzy intersections, since for each duplet, for the first 
duplet component, the weights onto the tconorm’s are smaller than 
onto fnorm’s, while for the second duplet component the weights 
onto the feonorm’s are bigger than onto fnorm’s, 


II.8.3. n-Attribute-Values Plithogenic Single-Valued 


Intuitionistic Fuzzy Set Complements (Negations) 











Vi 3 _ |anti(v;)|. 
= NOR Petz; ^n] - RES beu. ^n] 
(113) 
orf ana enz il (114) 
orf B Ed zap es ga (115) 
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11.8.4. n-Attribute-Values Plithogenic Single-Valued 


Intuitionistic Fuzzy Set Inclusions (Partial Orders) 


Let 
041,045), (054, 022), ...,(a;.4,0;. 2), 
a-(' 11,042), (Az1, 022) ( ol SE (116) 
(ai, Qj 12); o (ni Anz) 
and 
_ ee b12), (b21, b22), tt) (bii, (d (1 17) 
(Deria bi +12) DEE? (Drip bn2) 


II.8.4.1. Simple Intuitionistic Fuzzy Inclusion 
A zur B (118) 
iff (aj,, Oral ir (biz, Diz) for 1 € i < io, 
and (bj, bj2) SI (aj, ajz) forio+ 1 <j<n. 
11.8.4.2. Plithogenic Intuitionistic Fuzzy Inclusion 
A<pB (119) 
iff (aj1, Aj2) <P (bi, biz) for 1 € i < io, 
and (bj, bel Sp (aj, ajz) for io + 1 <j € n. 
11.8.5. n-Attribute-Values Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Equality 


II.8.5.1. Simple Intuitionistic Fuzzy Equality 


A =;p B Iff A EIE B and B Eig A. (120) 
I1I.8.5.2. Plithogenic-mple Intuitionistic Fuzzy Equality 
A =p B iff A <p B and B <p A. (121) 
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II.9. n-Attribute-Values Plithogenic Single-Valued 
Neutrosophic Set Operators 


Let the neutrosophic degree functions be: 
da]: P x V > [0,1]%, a] (x, vi) = (ai, ai, ai, ) € [0, 1]3, (122) 


d]: P x V > [0, 1, df (x, vi) = (bi, bi, bi, ) € [0, 11%, (123) 
for all i € (1,2, ...,n]. 


II.9.1. n-Attribute-Values Plithogenic Single-Valued 


Neutrosophic Set Intersection 


(aiios e (arto eo E d ro gs das) ^p 
LO E E (bh = 
Lë, us 05) Ap (b b, b) (5154595453) Ap (bb (0, 429%) ^p (b, o b; 5, b, 4), 
n c ^p (b, asas D as) Lët 0,5) ^p (b, b, b.) | 
(124) 
With simpler notations: 
(Goen, gr, ai), 1 € i € n) Np ((ba, Diz, big), 1 S i <n) 


E IN Np bi, = (a Ar biz) + 5 (aun Vr Diz), js Vp bis) ) 
1xizn 

(125) 
Analogously, the first ig intersections are proper plithogenic 
intersections, since for each triplet, for the first triplet component, 
the weights onto the tnorm’s are bigger than onto fconorm' S, while for 
the third triplet component the weights onto the fnorm’s are smaller 

than onto fconorm'S. 

And the next n - ig intersections are improper plithogenic 
unions, since for each triplet, for the first triplet component, the 
weights onto the tnorm’s are smaller than onto fconorm’s, while for the 
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third triplet component the weights onto the fnorm’s are bigger than 
onto Íconorm S, 


II.9.2. n-Attribute-Values Plithogenic Single-Valued 


Neutrosophic Set Union 


(2550: aoi: (206 d 3 dC, EE 
(bis bizs 79 NUS COR ON REN (EN En - 
(a,,,4,5,05) Vp (b, bs b), (25, a5,,a,,) Vp (bb blei Vp (5,155,553) 
ipsas Vp (b; aasbi aas as) (Quis nas Ins) Yp (bab, b.) | 
(126) 
With simpler notations: 
(Cain, diz, diz), 1 < i € n) Vp (Cit, Diz, bis), 1 <i € m) 


— IN Vp bis (in Ar biz) + (a Vr Diz), djs Np bis) ) 
1xizn 
(127) 

Analogously, the first ip unions are proper plithogenic 
unions, since for each triplet, for the first triplet component, the 
weights onto the fconorm's are bigger than onto fnorm’s, while for the 
third triplet component the weights onto the feonorm’s are smaller 
than onto fnorm’s. 

And the next n - ig unions are rather plithogenic 
intersections, since for each triplet, for the first triplet component, 
the weights onto the £conorm's are smaller than onto fnorm’s, while for 
the third triplet component the weights onto the fconorm’s are bigger 
than onto fnorm’s, 
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11.9.3. n-Attribute-Values Plithogenic Single-Valued 


Neutrosophic Set Complements (Negations) 


anti(v;) 
(di1, Qiz, Aiz) 





i € {1,,2, il 


—pl(ai, Giz, ai3), 1sis n} = l 





(128) 
or 
Vi 
ae i € (1,,2, n] (129) 
or 
Vi 
on 1-50 i € (1,,2, T (130) 





Etc. 
11.9.4. n-Attribute-Values Plithogenic Single-Valued 
Neutrosophic Set Inclusions (Partial Orders) 


1.9.4.1. Simple Neutrosophic Inclusion 
(Cain tits) (15:455 Geh on Gis dene Apa2 Cas) s 5; a,3)) Sy 
{igs T ig Vaya E E Osa Dea) 
(131) 
iff 
(a,,,45,05) Sy (bi bb), (a,,,a5,a4) Sy (b b, b), ... (a,,,8,5,8,,) Sy (b. i, bis. b, s), 
(4, 415 0,2505,43) Zy Oi api aas Pi as) s 1,150,555) Zy (bris b, b). 
(132) 
11.9.4.2. Plithogenic Neutrosophic Inclusion 
Leg (dos do Andon (a p y2 p3) (8, 1:052 dads a) S. 
(Ott E en 
(133) 
iff 


55 


Lo, geg Sp (b, b, b) (25,45,,45,) SE (b, bs, bi, papt 


lo 


a3) Sp (hb 
IO. 2p (baus 9 (Anis Ino ns) 2p Uu Bal 


(134) 
11.9.5. n-Attribute-Values Plithogenic Single-Valued 
Neutrosophic Set Equality 


(Gastos doo a (4,145,045) (45 50; d, isis sti.) =p 
(rebib) E b b,;)) 


nl? "n2? 


(135) 
if 
(ais diss (aod (4,154,254 E HCH 2» a des (4,,.,5.4,5)) Sp 


(Dh, by, b), (b, by, by), sies (b. b» b» (b. b uo b, aa^ «(5,5 b,;)) 


EL 
(136) 

and 

(Uno ps Ba oo Bins Bra ives EE 


IER dass Ligne LO. WEI a,,3)> (4, Q2? d, a3); (1,54, a,3)) 


(137) 
And similarly for "—w". 


II.10. Theorems Related to One-Attribute-Value 
Plithogenic Single-Valued Fuzzy Set Intersections 


and Unions 


Let vp be an attribute dominant value, and v any attribute 
value. 
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II.10.1. Theorem 1. 
If c(vp, v) = 0, then: 
1.1. if on vp one applies the t4,,,,, on v one also applies the 


Ünorm; 


1.2. if on vp one applies the tconorm, on v one also applies 


the Lconorm 7 


II.10.2. Theorem 2. 
If c(vp, v) = 1, then: 
2.1. if on vp one applies the thorm, on v one applies the 


Uconorm; 


2.2. if on Vp one applies the teonorm, on v one applies the 
tnorm: 


11.10.3. Theorem 3. 


If 0<c(wp,v) <1, then on v one applies a linear 


combination of tyorm and tegnorm- 
II.10.4. Theorem 4. 


Let a, b be the fuzzy degrees of appurtenance of the attribute 
value v with respect to Experts A and B. Then: 
aN, btaVyb-ah^gb-tavyb. (138) 
Proof. 
Let cg = c(vp, v) € [0, 1]. Then 
aN, b+aVyb 
= (1-¢)-[aa, 6] +¢q-[av; b] 
+ (l-q)-[av, b]+c,-[aa, b] 
—a^rcb-caVvry b. (139) 
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11.10.5. Theorem 5. 


Let a, b be the fuzzy degrees of appurtenance of the attribute 
value v with respect to Experts A and B. 

Ifthe degree of contradiction of a and b, with respect to their 
corresponding dominant attribute values is equal to 0.5, then 

a ^p b — a Vy b. (140) 
Proof: 

Since cy = 0.5, then 1 - cy = cg = 0.5 and therefore the 
definitions of a ^, b and a V, b become the same. 


11.10.6. Theorem 6. 


Let a, b be the fuzzy degrees of appurtenance of the attribute 
value v with respect to Experts A and B respectively, and the 
contradiction degree of attribute value v with the attribute 
dominant value vp by Co. 

Let a',b' be the fuzzy degrees of appurtenance of the 
attribute value v' with respect to Experts A and B respectively, 
where a’ = a and b’ = b, and the contradiction degree of attribute 
value v’ with the attribute dominant value vp be 1 — Co. 

Then: 

a ^p b = a' V, b'. (141) 
Proof: 

a^ b = (1—-e):[a ^c b] e [a ve 5] _ 

Co ‘lav, b]+(1-c,)-[aa,b]= 

[1-(1-c,)]-[av, b] -1 e): [a ^; 5] = 

[1-(1—-c,)]-[a'v,, 5] - 0 - 6) [a ^, b'] = 


{ since a=a’ andb=b’} 
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=a'V, b' (142) 
{ since the contradiction degree between v’ and vp is 1 - co }. 


11.10.7. Theorem 7. 


Let's consider a plithogenic neutrosophic set P, and x an 
element from P. The neutrosophic degrees of appurtenance of the 
element x's attribute values v with respect to Experts A and B are 
respectively (T,,1,,F,) and (T2, I5, F2). The interior degrees of 
contradiction between the neutrosophic components T,I,F, or 
truth, indeterminacy, and falsehood respectively, are: 

c(T,I) = 5, c(I, F) => and (T, F) = 1, 
where T is considered the dominant neutrosophic component. 

If one applies the t,o, on T, and Tz, then one has to apply 
the opposite, i.e. the teonorm on F, and F, - since T and F are 
100% opposite. Similarly, if one applies the teonorm on T4 and T2, 
then one has to apply the opposite, i.e. the tnorm on F4 and F;. 

But I is only half (50%) opposite to both T and F, therefore 
no matter if tnorm Or teonorm Were applied on T; and 7», on I, and I; 


one applies: 

1 1 1 

= (ly Ar Ip +h Vr h). (143) 

If the exterior degree of contradiction between v and its 
corresponding dominant attribute value vp is c(vp, v) = co, then 
again one applies it on the above A, and V; plithogenic operators. 
But, according to Theorem 4 (where it was proved that: for 
any c(vp,v) one has aA, b cav, b —-a^rgb-tavgb), no 


matter the exterior contradiction degree, we always get: 
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(Ti L, F3) Np To 5, Fo) = 

(T. Ap To= s Ar Il + h Vg I), Fa Vp F ), (144) 
and respectively 

(To L Fy) Vp (5, 5, F2) = 

(7, Vp Tz 2 (ly Ae Iz + h Vg I), Fy Np Fz ). (145) 


II.11. First Classification of the Plithogenic Set 


II.11.1. Refined Plithogenic Set 


If at least one of the attribute's values v; € V is split (refined) 
into two or more attribute sub-values: vu, vio, ... € V, with the 
attribute sub-value appurtenance degree function: d(x, v) € Z"([0, 
1]), for i = 1, 2, .., then (P,, a, V, d, c) is called a Refined 
Plithogenic Set, where “r” stands for "refined". 


II.11.2. Plithogenic Overset / Underset / Offset 


If for at least one of the attribute's values vx € V, of at least 
one element 

x € P, has the attribute value appurtenance degree function 
d(x, vx) exceeding 1, then (Po, a, V, d, c) is called a Plithogenic 
Overset, where “o” stands for “overset”; but if d(x, vi) is below 0, 
then (Pu, a, V, d, c) is called a Plithogenic Underset, where “u” 
stands for “underset”; while if d(x, vi) exceeds 1, and d(y, sj) is 
below 0 for the attribute values vs, v; € V that may be the same or 
different attribute values corresponding to the same element or to 
two different elements x, y € P, then 
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(Pog, a, V, d, c) is called a Plithogenic Offset, where "oft" 
stands for "offset" (or plithogenic set that is both overset and 
underset). 


II.11.3. Plithogenic Multiset 


A plithogenic set P that has at least an element x € P, which 
repeats into the set P with the same plithogenic components 


log, Az, ..., Am), X(04, Az, ..., Am) (146) 
or with different plithogenic components 
x(a, Az, Am), X(b4, bs, ..., Dm), (147) 


then (Pm, a, V, d, c) is called a Plithogenic Multiset, where 
“m” stands for “multiset”. 


II.11.4. Plithogenic Bipolar Set 


If Vx € P, d: PxV> /Zf[-1, 0]) x HTO, 1])}7, then (Ps, a, V, 
d, c) is called a Plithogenic Bipolar Set, since d(x, v), for v € V, 
associates an appurtenance negative degree (as a subset of /-/, 0/) 
and a positive degree (as a subset of /0, 1/) to the value v; where z 
= ] for fuzzy degree, z = 2 for intuitionistic fuzzy degree, and z = 
3 for neutrosophic fuzzy degree. 


II.11.5-6. Plithogenic Tripolar Set & Plitogenic 
Multipolar Set 


Similar definitions for Plithogenic Tripolar Set and 
Plitogenic Multipolar Set (extension from Neutrosophic Tripolar 
Set and respectively Neutrosophic Multipolar Set ([4], 123-125}. 
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II.11.7. Plithogenic Complex Set 
If, for any x € P, d: PxV> “AO, 1]) x HIO, 1])F, and for 


any v € V, d(x, v) is acomplex value, i.e. d(x, vy) = Mr eJ"2. where 
Mi € [0, 1] is called amplitude, and M2 € [0, 1] is called phase, 
and the appurtenance degree may be fuzzy (z = 1), intuitionistic 
fuzzy (z = 2), or neutrosophic (z = 3), then (Pcom, a, V, d, c) is 
called a Plithogenic Complex Set. 
II.12. Second Classification of Multi-Attribute 
Plithogenic Fuzzy Sets 
Upon the values of the appurtenance degree function, one 
has: 
1I.12.1. Single-Valued Plithogenic Fuzzy Set, if 
Vx € P, d: PXVO[O, 1], (148) 
and Vv € V, d(x, v) is a single number in /0, 1]. 
1I.12.2. Hesitant Plithogenic Fuzzy Set, if 
Vx € P, d: PxV> 9 1[0, 1]), (149) 
and Vv € V, d(x, v) is a discrete finite set of the form {nz, n2, 


..., Mp}, where 
1 € p< ©, included in [0, 1]. 


1I.12.3. Interval-Valued Plithogenic Fuzzy Set, if 
Vx € P, d: PxV5 F({0, 1]), (150) 


and Vv € V, d(x, v) is an (open, semi-open, closed) interval 
included in /0, 1]. 
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II.13. Applications of Uni-Dimensional Attribute 
Plithogenic Single-Valued Fuzzy Set 


Let U be a universe of discourse, and a non-empty 
plithogenic set P € U. Let x € P be a generic element. 
For simplicity, we consider the uni-dimensional attribute and 


the single-valued fuzzy degree function. 
II.13.1. Small Discrete-Set of Attribute-Values 


If the attribute is “color”, and we consider only a discrete set 
of attribute values V, formed by the following six pure colors: 
V = (violet, blue, green, yellow, orange, red}, 


the attribute value appurtenance degree function: 


d: PxV—[0, 1], (151) 

d(x, violet) = v € [0, I], d(x, blue) = b € [0, 1], d(x, green) 
- g € [0, 1], 

d(x, yellow) = y € [0, 1], d(x, orange) = o € [0, 1], d(x, red) 
—-r&[O0, I], 

then one has: 

x(v, b, 2, y, 0, r), 


where v, b, g, y, o, rare fuzzy degrees of violet, blue, green, yellow, 
orange, and red, respectively, of the object x with respect to the set 
of objects P, where 

v, b, g, y, o,r € [0, 1]. 

The cardinal of the set of attribute values V is 6. 

The other colors are blends of these pure colors. 
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II.13.2. Large Discrete-Set of Attribute-Values 


If the attribute is still “color” and we choose a more refined 
representation of the color values as: 

x{d390, dsoi, ..., deoo, d700}, 

measured in nanometers, then we have a discrete finite set of 
attribute values, whose cardinal is: 700 — 390 + 1 = 311. 

Where for each j € V = {390, 391, ..., 699, 700}, d 
represents the degree to which the object x’s color, with respect to 
the set of objects P, is of “7” nanometers per wavelength, with 
deit, 1]. A nanometer (nm) is a billionth part of a meter. 


II.13.3. Infinitely-Uncountable-Set of Attribute-Values 


But if the attribute is again “color”, then one may choose a 
continuous representation: 

x(d([390, 700])), 
having V = [390,700] a closed real interval, hence an infinitely 
uncountable (continuum) set of attribute values. The cardinal of 
the V is oo. 

For each j e [390,700], dj represents the degree to which 
the object x’s color, with respect to the set of objects P, is of “7” 
nanometers per wavelength, with d; €/0, 17. And d([390,700]) = 
{dj,j € [390,700]]). 

The light, ranging from 390 (violet color) to 700 (red color) 
nanometers per wavelengths is visible to the eye of the human. The 
cardinal of the set of attribute values V is continuum infinity. 
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11.14. Multi-Attribute Plithogenic General Set 


II.14.1. Definition of Multi-Attribute Plithogenic General 
Set 


The Multi-Attribute Plithogenic Set is obviously a 
generalization of the One-Attribute Plithogenic Set. 

While the one-attribute plithogenic set has each element x € 
P characterized by a single attribute a € -Z in a more general form 
we extend it to the multi-attribute plithogenic set, defined as 
follows. 

Let U be a universe of discourse, and a non-empty 
plithogenic set P € U. 

Let -¥ bea set of m > 2 attributes: a1, a2, ..., Qm, whose 
corresponding spectra of values are the non-empty sets A, S», ..., 
Sm respectively. 

Let Vi € Si, V2 € S», ..., Vn € Sn be subsets of attribute 
values of the attributes a1, a2, ..., dmrespectively needed by experts 
in their given application. 

For each j € {1,2,...,m}, the set of attribute values 
V; means the range of attribute oj's values, needed by the experts 
in a specific application or in a specific problem to solve. 

Each element x € P is characterized by all m attributes’ 
values. 

Let the m-dimensional attribute value degree function be: 

dig]: (P, V; X V; Xx ... X V4) > ALO, 1)”. (152) 

For any x € P, and any vj € V; with j € (1,2, ..., m], one 
has: 

dim (xvi, va, n Vm) ) E ALO, 1)”. (153) 
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1I.14.2. m-Dimensional Attribute 


Instead of working with m ^ uni-dimensional distinct 
attributes, we may use only a single m-dimensional attribute, 
employing the following notations: 

Aim] = (04,02, -s Am), Vim] = Va X Vo X i X Vins 


and Vim] = (14, v5, ..., Um), (154) 
whence: 

dim: (P, Vim) ^ ALO, 1)™ (155) 
with dpmj(x(vimp)) c JX[0, 1])™ (156) 


and the set of values of the attribute o, for / € j € m, being 


Vj- Ion where W; is the (finite, or countably, or 


unaccountably infinite) set of indexes corresponding to Vj. 

In other words, each V; may be finite, or countably or 
unaccountably infinite set of values of the attribute a; needed by 
the experts in a specific application or in a specific problem to 
solve. 

On each attribute value set V; 7 € j <m, there may exists 
a dominant attribute value Vig, € Vj, determined by the experts 
upon the application or problem to solve. 

(However, there are cases when such dominant attribute 
value may not be taking into consideration or may not exist, or 
there may be many dominant attribute values. In such cases, either 
one discards the contradiction degree function, or a different 
procedure (or multi-contradictory degree function) may be 
designed.) 
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The attribute value degrees of contradiction are afterwards 
calculated between the dominant attribute value and the other 
attribute values in special, but also among any attribute values. 

For example, in the neutrosophic set, the attribute 
“appurtenance” has three values: membership, indeterminacy, and 
nonmembership. The dominant attribute value is membership, 
because it is the most important in all neutrosophic applications. 

The degrees of contradictions are: 

c(nonmembership, membership) = 1, and 

c(indeterminacy, membership) = 

c(indeterminacy, nonmembership) = 0.5. 

In order to fusion (or combine) the results from multiple 
sources of information, we apply aggregation operators. 

On each attribute value v;; € V;, j € W;, one applies some 
aggregation operators. 

We start with the dominant attribute value. 

An aggregation operator O:(P, Vim]) x (P, Vim])  [0, 1] 
can be extended for the case when working with oversets, 
undersets, or offsets (see [4]} to 

O: (P, Vg) x (P, Vimi) > bb, 9]. (157) 
where y < 0 and ọ > 1. 

Let's consider two opposite aggregation operators O; and O2 
(for example the tnorm and tconorm respectively). If onto the dominant 
attribute value we apply O; and the degree of contradiction 
between another attribute value v;; and the attribute dominant 


value is c; € [0, 1], then: 
(1 = cj) 0,(vj;) + cj02(v;;). (158) 
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II.14.3. Classification of Multi-Attribute Plithogenic 
General Sets 

Let x be a generic element, x € P, and all 

(vij, Vajs Vm;) € Va X Va X X Vg. (159) 
1I.14.3.1. Multi-Attribute Plithogenic Single-Valued Set 

If dim] (x1(v1j, v2) «o pell is a Cartesian product of m 


single numbers belonging to [0,1]™, we have a Single-Valued 
Multi-Attribute Plithogenic Set. 


1I.14.3.2. Multi-Attribute Plithogenic Interval-Valued Set 
If dim] DOT m is a Cartesian product of m 


intervals included in [0, 1]"*, then we have an Jnterval-Valued 
Multi-Attribute Plithogenic Set. 


1I.14.3.3. Multi-Attribute Plithogenic Hesitant Set 
If dim] (x1 (vij, Pj es Vmj)) is a Cartesian product of m 
hesitant sets, each of the form { Ny, Nz, ..., A, } with uj > 2 for each 


1 <j <m, included in [0, 1]", then we have a Hesitant Multi- 
Attribute Plithogenic Set. 
1I.14.3.4. Multi-Attribute Plithogenic Linguistic Set 
If dim] Le Don V2j, xad) € L”, where 
L={h,ly,...,l,}is a set of h > 2 labels, then we have a 
Linguistic Multi-Attribute Plithogenic Set. 
1I.14.3.5. Multi-Attribute Plithogenic Linguistic-Interval Set 
If dim] (x1(v1j, v2) 255) is a Cartesian product of m 


linguistic-intervals, each linguistic interval of the form [lja lj;]. 
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with 1 € j4 < j; € h, then we have a Linguistic-Interval Multi- 
Attribute Plithogenic Set. 


II.14.4. Multi-Attribute Plithogenic General Number 


It is a vector of dimension ¢ = card(Vim)) , Le. 


(p, P2 > pz), where all pp may be: 

- crisp (single-valued) numbers in /0, 17”; 

- or intervals included in /0, 17”; 

- or hesitant subsets of the form (n4, n5, ...,n,) c [0, UI: 

- or general subsets included in /0, 1/” 

- or labels included in label set L = (l4, L5, ..., lp}; 

- or label intervals of the form [lj lj; |^, with 1 < j4 < j2 < 
h, where the labels fo, € L; 

etc. 

Therefore, we may have: Multi-Attribute Plithogenic Single- 
Valued / Interval-Valued / Hesitant / General / Linguistic / 


Interval-Linguistic etc. Numbers. 


II.14.5. Bipolar Multi-Attribute Plithogenic General Set 


If dag (x Guy. Poisi vmj)) e P([-1,0] x [01D  , 
where P([—1, 0] x [0,1]) is the power set of [—1,0] x [0,1], then 
we have a Bipolar Multi-Attribute Plithogenic General Set, which 
further may be sub-classified as Bipolar Multi-Attribute 
Plithogenic Single-Valued / Interval-Valued / Hesitant / Linguistic 
/ Linguistic-Interval Set. 
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II.15. Example of Uni-Attribute (of 4-Attribute- 
Values) Plithogenic Single-Valued Fuzzy Set 
Complement (Negation) 


Let's consider that the attribute “size” that has the following 


values: small (the dominant one), medium, big, very big. 
































Degrees of 0 0.50 0.75 1 
contradiction 
Attribute values small medium big very big 
Degrees of 0.8 0.1 0.3 0.2 
appurtenance 

Table 1. 


II.16. Example of Refinement and Negation of a Uni- 
Attribute (of 4-Attribute-Values) Plithogenic Single- 
Valued Fuzzy Set 


As a refinement of the above table, let’s add the attribute 
“bigger” as in the below table. 

The opposite (negation) of the attribute value “big”, which is 
75% in contradiction with “small”, will be an attribute value which 
is 1 — 0.75 = 0.25 = 25% in contradiction with “small”, so it 


will be equal to = ["small" + "medium"|. Let's call it “less 


medium", whose degree of appurtenance is 1 — 0.3 = 0.7. 
If the attribute “size” has other values, small being dominant 
value: 
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Degrees of 0 0.14 0.25 0.50 0.75 | 0.86 1 
contradiction 
Attribute small | above | less medium | big | bigger | very 
values small medium big 

(anti- (anti- 

bigger) | big) 
Degrees of 0.8 0.6 0.7 0.1 0.3 | 0.4 0.2 
appurtenance 

Table 2. 


The opposite (negation) of “bigger” is 1 - 0.86 = 0.14 = 14% 
in contradiction degree with the dominant attribute value 


("small"), so it is in between “small” and “medium”, we may say 


it is included into the attribute-value interval /small, medium], 


much closer to “small” than to “medium”. Let's call is “above 


small", whose degree of appurtenance is 1 — 0.4 = 0.6. 


71 





II.17. Example of Multi-Attribute (of 24 Attribute- 
Values) Plithogenic Fuzzy Set Intersection, Union, 


and Complement 


Let P be a plithogenic set, representing the students from a 
college. Let x € P be a generic student that is characterized by 
three attributes: 

- altitude, whose values are (tall, short} {a,, az}; 

- weight, whose values are 

{obese, fat, medium, thin) & {w,, W2, W3, Wal 

and 

- hair color, whose values are 

(blond, reddish, brown] Œ (h,, hz, h3}. 

The multi-attribute of dimension 3 is 

V; = {(ai wj, hg) foral 1 <i<2,1<j<4,1<k <3} 

The cardinal of V3 is |V3| = 2 x 4 x 3 = 24. 

The uni-dimensional attribute contradiction degrees are: 

c(a, a2) = 1; 

eg, w2) = 5 (wi, ws) = $, C(W1,Wa) = 1; 

c(hy, hz) = 0.5, c(h4, h3) = 1. 

Dominant attribute values are: a4, w4, and h, respectively 
for each corresponding uni-dimensional attribute. 

Let's use the fuzzy tyorm = a Arb = ab, and 
fuzzy tconorm = a VFb =a + b — ab. 


II.17.1. Tri-Dimensional Plithogenic Single-Valued 
Fuzzy Set Intersection and Union 


Let 
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and 


X, (a, w;,h,) ^p Xp (a, w;.h,) - 


X, (awh) Vp Xp (a, w;,h,) - 


and 


d, aj, Wj, hy), (160) 
~ lforall1 € i € 2, 1<j<41<sk<3 


Xp = delz. ap wj, hy), (161) 
EE 


Then: 

(1—c(a5.a,)) [d1 (xap) Av ds EAR 

*c(a5,a;) [d ,(x,a5) v» d,(x,4,) |, 1 <i <2; 

len län, da (2w, )] 

+e(w,,w,)-[d4(%.Wp) ve ds (x. w;) 18; <4; 

( — (15. [d (hp) ^r 45 (5) | 

cc (hy, h,) [a Gh) Vp d (x. 5.) |S k <3. 
(162) 











and 

(1-7 c(25.a,)) |d, (a5) Ve d; (xa) | 

*c(ap,a;) | d, (x45) Ap d; (x,4;) |] Si € 2; 

"E 

i (xw) Ap ds (,w;) |, 1s j 4 

(0 - c(hy.h,)-| d Geh) v e d, (xh) ] 

(hy. hi) [d (xh) Ap ds Qc. h;) 18 <3. 
(163) 

Let's have x4(d4(a4) = 0.8, d4(w5) = 0.6,d4(h4) = 0.5) 





Xpg(dp(a4) = 0.4, dp(W>) = 0.1, dp(h3) = 0.7). 
We take only one 3-attribute value: (a4, w3, h3), for the other 


23 3-attribute values it will be analougsly. 
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For x4 Ap xg we calculate for each uni-dimensional attribute 


separately: 
[1 — c(ap,a4)] ¢ [0.8 , 0.4| + c(ap, 4) ` [o.8 v, 0.4| 
= (1 — 0) - [0.8(0.4)] + 0- os v. 0.4| = 0.32; 


| - c[wp, w2] - [0.6 TE 0.1] + C(Wp, Wo) * [0.6 Ve o1] 


= (1 — 3) [0.6(0.)] + 510.6 + 0.1 — 0604 
= (1 = 5) (0.6(0.1)] + 210.6 + 0.1 — 0.6(0. 


= noe (064) ge 0.25; 
"Ze H 3 H mE 3 ag H ) 


[1 — c(Ap, h3)] - [os Se 0.7| + c(hp, h3) - [os v. 0.7] 
= [1 — 1]: [0.5(0.7)] + 1 
- [0.5 + 0.7 — 0.5(0.7)] = 0- [0.35] + 0.85 
= 0.85. 
Whence x4 Ap Xg (a1, W2, h3) = (0.32, 0.25, 0.85). 
For x, Vp xg we do similarly: 
[1 — c(ap,a4)] os v. 0.4| + c(ap, a4) - os AS 0.4| 
= (1—0)- [0.8 + 0.4 — 0.8(0.4)] + 0 
- [0.8(0.4)] = 1- [0.88] + 0 = 0.88; 


£ - c[wp, w2] - [0.6 " 0.1] + C(Wp, Wo) * [0.6 Re o1] 


= (1 S 5) [0.6 + 0.1 — 0.6(0.1)] + ; [0.6(0.1)] 
2 1 1.34 
= 50.64] + =[0.06] = = ~ 0.44; 
[1 — c(hp, h3)] - [os v. 0.7] + c(hp, h3) - [0.5 A; 0.7| 
= [1 —1]-[0.5 + 0.7 — 0.5(0.7] +1 
- [0.5(0.7)] = 0 + 0.35 = 0.35. 
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Whence x4 Vp Xg (a1, W2, h3) = (0.88, 0.44, 0.35). 

For —pX4(d4, W2, h3) = (d4 (a2) = 0.8, d4 (w3) = 
0.6, d, (h1) = 0.5), since the opposite of a4 is az, the opposite of 
Wa is w3, and the opposite of A; is h4. 


II.18. Another Example of Multi-Attribute (of 5 
Attribute-Values) Plithogenic Fuzzy Set 
Complement and Refined Attribute-Value Set 


The 5-attribute values plithogenic fuzzy complement 
(negation) of 
0 0.50 0.75 0.86 1 
x (sman medium, big, bigger, very 2 
0.8 01 03 04 0.2 
is 


1-1 1-086 1-0.75 1— 0.50 1-0 
wt: (an — very big, anti — bigger, anti — big, anti — medium, anti — small 
0.2 0.4 0.3 0.1 0.8 


0 0.14 0.25 0.50 1 
= —pX (sa. anti — bigger, anti — big, medium, very big 
0.2 0.4 0.3 0.1 0.8 


0 0.14 0.25 0.50 1 
px (soa above small, below medium, medium, very ve) 
0.2 0.4 0.3 0.1 0.8 
Therefore, the original attribute-value set 
V = {small, medium, big, bigger, very big} 
has been partially refined into: 
RefinedV = {small, above small, below medium, medium, 


very big}, 
where 
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above small, below medium e [small, medium]. 


II.19. Multi-Dimensional Plithogenic Aggregation 
Set Operators 


Let U be a universal set, and A, B C U be two plithogenic 
sets. 

Let aàp,-—aG,Xa5X..Xa, be an m-dimensional 
attribute, for m = 1, and each attribute æj, 1 € i < m, has 


ri = 1 values: 


VS AV DV SRM (164) 


An element (object) x € P is characterized by 


def 


T X T4 X .. X rq, S r values: 
n 
y = II H SS Ju. Vases EX aV Vd X... X Uis Voss el 
i-l 


= Wii Vay, see Vg, L s J S r,l S h S Geo s Jn S don 


(165) 

Let c(vip, Vix) = Cig € [0, 1]^ be the degree of contradiction 
between the attribute a; dominant value (denoted by vip) and 
other attribute cx; value (denoted by vi), for 1 < i < mand 1 € 
k < rj. Where z = 1 (for fuzzy degree of contradiction), z = 2 (for 
intuitionistic fuzzy degree of contradiction), or z = 3 (for 
neutrosophic degree of contradiction). And cir, as part of the unit 
interval [0, 1], may be a subset, or an interval, or a hesitant set, or 
a single number etc. 

We split back the m-dimensional attribute into m uni- 
dimensional attributes. And, when applying the plithogenic 
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aggregation operators onto an m-uple Uu, as Van, ), we 
separately apply the thorm, tconorm> OF a linear combination of 


these separately on each of its m-components: Vi; Vj, je Kat, - 

Let dj: P X V; > AJO, 1] for each 1x ix m, be the 
appurtenance fuzzy degree (for z — 1), appurtenance intuitionistic 
fuzzy degree (for z — 2), or appurtenance neutrosophic degree (for 
z = 3) function, whereas JX[0, 1]) is the power set of the unit 
interval [0, 1], i.e. all subsets of [0, 1]. 

Upon the attribute value degree function, the thorm, Cconorm> 
and their linear combinations are adjusted to the fuzzy sets, 
intuitionistic fuzzy sets, or neutrosophic sets respectively. 

And similarly dg: P x V; 221[0, 1]) foreach 1 € i € m. 


II.19.1. Multi-Attribute Plithogenic Aggregation Set 
Operations 


Let's use easier notations for two m-uple plithogenic 


numbers: 
xa = Ida, u), ..., datz, uj), ..., dax, Um) } (166) 
and 
Xp = Íídg(x,u4), ..., dg (x, uj), Ost, Um) }. (167) 


II.19.2. Multi-Atribute Plithogenic Set Intersection 


Let ujp be the attribute a; dominant value, and u; be any of 
the attribute a; value, i € (1,2, ..., m}. 


X4 ^p Xg =(1-c(up,u,))-[d, (x,Uip ) Ap d; (x,u,) | 
c (up, u,;):|d, (Supe) Ved, (xu) , Vi € {1,2,...,m}}. 


T] 


(168) 
II.19.3. Multi-Atribute Plithogenic Set Union 


x, Vp Xy = (l= c (tipt): [ d, no) Ve ds Qus) | 
c (up, u,):| d, (up u,) Ap de (x,u) |, Vi € (525... m). 
(169) 
II.19.4. Multi-Atribute Plithogenic Set Complement 
(Negation) 


Without losing generality, we assume the attribute value 


contradiction degrees are: 


C(u4p,14), +, C(uip, Uj), ..., CUmp, Um): (170) 
The plithogenic element attributes’ values: 
{us si Uis e, UMI (171) 
The attribute values’ appurtenance degree: 
{d,(x, u4), .,d4(x, uj), ..., dg (X, Um) }. (172) 


Then, the plithogenic complement (negation) is: 


1 — c(u4p, 4), ...,1 — c(ujp, uj), ..., 1 ^ CCUmp, Um) 


anti(u,),..,anti(uj), .., anti (um) 
(173) 
or 
d,(x, anti(u;)) = d4(x,u4), ..., 
Ke GE anti(u;)) = d,(x, uj), eal o anti(um)) = d,(x, 2 
(174) 


where anti(uj),1 € i € m, is the attribute «; opposite 
value of uj, or 
c(uijp, anti(u;)) = [1 — c(uip, gell, (175) 
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II.19.5. Multi-Atribute Plithogenic Set Inclusion (Partial 
Order) 


Assuming a relation of partial order has been defined on 
21[0, (lm. for each z= 1, 2, 3. Then: 


X4 Sp Xp if and only if: 


=p 
d(x, uj) € (1 — c(ujp, uj)) dax, uj), (176) 
for 0 € c(ujp, uj) < 0.5, and 
da(x, ui) 2 (1 = C(uip, Ui )) ` dp(x, ui), (177) 


for c(uip, uj) € [0.5, 1] forall 1 € i € m. 
II.19.6. Multi-Atribute Plithogenic Set Equality 


Similarly, assuming a relation of total order has been defined 
on J1[0, 1])*, for each z =1, 2, 3. Then: 


X4 =p Xp if and only if x, Sp xg and xg €, x4. 


II.20. Uni-Attribute Plithogenic Single-Value 
Number Operations 
Let A = (a, Q2, ...,an) and B = (b, b,,...,b4) be two 


single-valued uni-attribute plithogenic numbers, where 
Ay, Q5, ..., An D4, Da, b, € [0, 1], n 2 1, and 


0zYXL,.ajEn (178) 
and 
0 < Xi=1bi sn (179) 


Let a be the attribute that has n values: 
V = {v4 Bossy Veh, 
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where the attribute dominant value vp = v,, the single- 
valued contradiction fuzzy degree c(vp, vi) = c; € [0,1] fori € 
{1, 2, ... n}, such that 0 = c4 € c; €: cy <1. 

We define for the first time the following plithogenic number 
operations: 


II.20.1. Plithogenic Single-Value Number Summation: 


e C D 


a [a; bi € (,2, ni oe) 
II.20.2. Plithogenic Single-Value Number Multiplication: 


(1 — ci) - la; > bi] + ei: 
AQB = [aj +b; — aj * bil, . (181) 
i € {1,2,...,n} 


II.20.3. Plithogenic Single-Value Number Scalar 


Multiplication: 
= c) T1- 0-a) EP. 
of (1- cj) H (1 aj)^] + ci abs (182) 
i € {1,2,...,n} 
where the real number A > 0. 
II.20.4. Plithogenic Single-Value Number Power: 
A+ ={(1- c) -af + ci [1- 0-7 a] (183) 


i € {1,2,...,n}, 
where the real number A > 0. 
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II.20.5. Properties of Uni-Attribute Plithogenic Single- 
Value Number Operations 


These plithogenic number operations are extensions of the 
fuzzy, intuitionistic fuzzy, and neutrosophic number operations. In 
addition, the plithogenic number operations use the linear 
combination of these fuzzy, intuitionistic fuzzy, and neutrosophic 
operations. 

The plithogenic single-value number operations can be 
extended to interval-valued, hesitant-value, or in general subset- 


value number operations. 


II.21. Distance and Similarity Measures for Single- 


Valued Uni-Attribute Plithogenic Numbers 


II.21.1. Plithogenic Distance Measure Axioms 


Let U be a universe of discourse, and A, B, C three 
plithogenic sets included in U. 

The plithogenic distance measure is defined in the classical 
way: 

D:U x U = [0,1] (184) 
such that, for any A, B, C in U: 

i.0 € D(A,B) <1; 

ii. D(A, B) = D(B, A); 

iii. D(A, B) = 0 

if and only if A = B (i.e. a; = b; forall 1 < i < n); 

ili. A C B CC = D(A, C) = max{ D(A, B), D(B, O)j. 
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II.21.2. Plithogenic Similarity Measure Axioms 


The similarity measure is defined as: 

S:P x P > [0,1] (185) 
such that, for any A, B, C in P: 

i.0 < S(A,B) € 1; 

ii. S(A, B) = S(B, A); 

iii. S(A, B) = 1 

if and only if A = B (i.e. a; = b; forall 1 < i < n); 

iiii. A C B C C = S(A, C) € min{S(A, B), S(B, CH, 

There are many neutrosophic measure functions defined in 
the literature. We extend for the first time several of them from 
neutrosophic to the plithogenic environment. 
II.21.2.1. Dice Similarity Plithogenic Number Measure 
(extended from Ye, 2014) 


D(A, B) DE 


Zilar +b?) 
II.21.2.2. Cosine Similarity Plithogenic Number Measure 
(extended from Broumi & Smarandache, 2014) 


Yi, aibi 


(186) 


cos(A, B) si Ge, (187) 
Ziz at iibi 
II.21.2.3. Hamming Plithogenic Number Distance 
1 
HD(A,B) = 2 Yt-4la; — bil. (188) 


1I.21.2.3.1. Hamming Similarity Plithogenic Number Measure 
HS(A,B) = 1 — HD(A, B). (189) 
II.21.2.4. Euclidean Plithogenic Number Distance 


ED(A,B) = |+ Xs (a; — b)? (190) 
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1I.21.2.4.1. Euclidean Similarity Plithogenic Number Measure 


ES(A,B) = 1 — ED(A,B). (191) 
II.21.2.5. Jaccard Similarity Plithogenic Number Measure 
J(A,B) = amu _- (192) 


DL (a7 +b? -aib;) 


II.22. Application of Bi-Attribute Plithogenic Single- 
Valued Set 


Let U be a universe of discourse, and P c U a plithogenic 
set. 

In a plithogenic set P, each element (object) x € P is 
characterized by m > 1 attributes 24,05,..,0,, , and each 
attribute a@;,1 € i € m, has r; = 1 values: 

V, = {Vis Vizes Va 5 

Therefore, the element x is characterized by r = r} X r, X 
... X Tm attributes’ values. 

For example, if the attributes are “color” and "height", and 
their values (required by the application the experts want to do) 


are: 

Color = (green, yellow, red} 

and 

Height = (tall, medium}, 

then the object x € P is characterized by the Cartesian 
product 


Color X Height = 
Fee tall), (green, medium), (yellow, a 
(yellow, medium), (red, tall), (red, medium) ) 
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Let’s consider the dominant (i.e. the most important, or 
reference) value of attribute “color” be “green”, and of attribute 
“height” be "tall". 

The attribute value contradiction fuzzy degrees are: 


c(green, green) = 0, 
1 


c(green, yellow) — : 


c(green,red) — : 


Si 

c(tall, tall) = 0, 

c(tall, medium) = =. 

Suppose we have two experts A and B. 

Further on, we consider (fuzzy, intuitionistic fuzzy, or 
neutrosophic) degrees of appurtenance of each attribute value to 
the set P with respect to experts’ criteria. 

We consider the single value number fuzzy degrees, for 
simplicity of the example. 

Let vj be a uni-attribute value and its degree of contradiction 
with respect to the dominant uni-attribute value vp be c(vp, Ge) & 
Cj. 

Let d4(x,v;) be the appurtenance degree of the attribute 
value vj of the element x with respect to the set A. And similarly 
for dg(x,vi). Then, we recall the plithogenic aggregation 
operators with respect to this attribute value v; that will be 
employed: 
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II.22.1. One-Attribute Value Plithogenic Single-Valued 
Fuzzy Set Intersection 


d4(x, vi) ^p dp (x, vi) = 
(1 — ei: [da(x, vi) Ar dex, ol 

+; * [da(%, vi) Vr dg(x, vi)] (193) 
II.22.2. One-Attribute Value Plithogenic Single-Valued 
Fuzzy Set Union 

dt, Vj) Vy dg (x, vj) = (17 cj): 
[d4 Gc, vi) Vr dg Go pel + ci [daGo vi) Ap dgGo vi)] (193) 
II.22.3. One Attribute Value Plithogenic Single-Valued 
Fuzzy Set Complement (Negation) 

Avi = anti(v;) = (1 — ci) * vi (195) 

-wdaG, (1 — end = da Go vi) (196) 


II.23. Singe-Valued Fuzzy Set Degrees of 


Appurtenance 


According to Expert A: 

da: (green, yellow, red; tall, medium}  [0, 1] 
One has: 

da(green) = 0.6, 

da(yellow) = 0.2, 

d,(red) = 0.7; 

d,(tall) = 0.8, 

d,(medium) = 0.5. 


We summarize as follows: 


85 


According to Expert A: 
































Contradiction 0 1 2 0 1 
Degrees 3 3 2 
Attributes’ Values | green | yellow | red tall medium 
Fuzzy Degrees 0.6 0.2 0.7 0.8 0.5 

















Table 3. 
According to Expert B: 
Contradiction 0 1 2 0 1 
Degrees 3 3 2 
Attributes’ Values | green | yellow | red tall medium 
Fuzzy Degrees 0.7 0.4 0.6 0.6 0.4 





























Table 4. 


The element 
xf (green, tall), (green, medium), (vellow, tall), 
(vellow, medium), (red, tall), (red, medium) } € P 

with respect to the two experts as above is represented as: 
X41(0.6, 0.8), (0.6, 0.5), (0.2, 0.8), (0.2, 0.5), (0.7, 0.8), (0.7, 0.5) } 

and 
Xp{(0.7, 0.6), (0.7, 0.4), (0.4, 0.6), (0.4, 0.4), (0.6, 0.6), (0.6, 0.4) }. 

In order to find the optimal representation of x, we need to 
intersect x, and xp , each having six duplets. Actually, we 
separately intersect the corresponding duplets. 

In this example, we take the fuzzy tnorm: a Ag b = ab and 
the fuzzy tegnorm: a Vp b =a + b — ab. 
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II.23.1. Application of Uni-Attribute Value Plithogenic 
Single-Valued Fuzzy Set Intersection 


Let's compute x4 Ap Xp. 
0 0 0 0 {degrees of contradictions} 
(0.6, 0.8) A, (0.7, 0.6) = (0.6 Ay 0.7, 0.8 Ay 0.6) 
= (0.6 - 0.7, 0.8 - 0.6) = (0.42, 0.48), 
where above each duplet we wrote the degrees of contradictions of 
each attribute value with respect to their correspondent dominant 
attribute value. Since they were zero, A, coincided with Ar. 


{the first raw below 0 % and again 0 % represents the 


contradiction degrees} 


i. "E 
n 2 J^ D 2 = (0.6 Ap 0.7,0.5 Ap 0.4) 


0.5 0.4 
= (0.6 0.7, (1 — 0.5) - [0.5 Ap 0.4] + 0.5 
- [0.5 Vp 0.4]) 
= (0.42, 0.5[0.2] + 0.5[0.5 + 0.4 — 0.5 - 0.4]) 
= (0.42, 0.45). 
(3 : ) (5 9 ) = (0.2 Ap 0.4, 0.8 Ap 0.6) 
80.8) ^? | 3.0.6 pe 


1 1 
= (i 1- 5}: [0.2 Ag 0.4] + Ei [0.2 Vp 0.4], 0.8 
0.6) = (0.23, 0.48). 
1 1 1 1 
(3. ls 2 = (0.2 ^y 0.4, 0.5 ^, 0.4) 


0.2 0.5 0.4 0.4 
(they were computed above) 
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~ (0.23, 0.45). 
2 0 E 
( 3 B Ny H E = (0.7 A, 0.8, 0.8 A, 0.6) 


-(hi- 2 - [0.7 Ap 0.6] + B 
3 3 
: [0.7 v; 0.6], 0.48) 
(the second component was computed above) 
= G [0.7 - 0.6] + : [0.7 + 0.6 — 0.7 - 0.6], 0.48) = (0.73, 0.48). 
And the last duplet: 


2.3 2 i 
(3. DE 2 ) = (74, 0605504) 


0.7 0.5 0.6 0.4 
= (0.73,0.45) 

(they were computed above). 

Finally: 
X4 Ap XB 
e eg 0.48), (0.42, 0.45), (0.23, 0.48), (0.23, PASAI 
P (0.73, 0.48), (0.73, 0.45) : 

or, after the intersection of the experts’ opinions APB, we 


summarize the result as: 
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Contradiction 0 1 2 0 1 
Degrees 3 3 2 
Attributes’ Values | green | yellow | red tall medium 
Fuzzy Degrees of | 0.6 0.2 0.7 0.8 0.5 
Expert A for x 
Fuzzy Degrees of | 0.7 0.4 0.6 0.6 0.4 
Expert B for x 
Fuzzy Degrees of | 0.42 0.23 0.73 0.48 0.45 
X4 ^p Xp 
Fuzzy Degrees of | 0.88 0.37 0.57 0.92 0.45 
Xa V pXB 

Table 5. 


1.23.2. Application of Uni-Attribute Value Plithogenic 


Single-Valued Fuzzy Set Union 


We separately compute for each single attribute value: 
d (x, green) Vp d (x, green) = 0.6 Vp 0.7 
= (1 — 0)- [0.6 Vz 0.7] + 0- [0.6 Ap 0.7] 
= 1- [0.6 - 0.7 — 0.60.7] +0 = 0.88. 
d (x, yellow) v, d£ (x, yellow) = 0.2 v, 0.4 
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d (x, red) Vp ds (x,red) = 0.7 v, 0.6 


2 2 
š {1 : zi - [0.7 Vr 0.6] + £- [0.7 Ap 0.6] 


1 2 
= z (0.7 + 0.6 — 0.7 - 0.6) + £ (0.7 - 0.6) 
& 0.57. 
d x, tall) v, d} x, tall) = 0.8 v 0.6 
= (1 — 0)- (0.8 + 0.6 — 0.8: 0.6) +0 
- (0.8 + 0.6) = 0.92. 
d (x, medium) Ve dg (x, medium) = 0.5 V, 0.4 


1 1 
= 5 (0.5 + 04 — 05:04) +5 (0.5: 0.4) 
= 0.45. 
1I.23.3. Properties of Plithogenic Single-Valued Set 


Operators in Applications 


1) When the attribute value contradiction degree with respect 
to the corresponding dominant attribute value is 0 (zero), one 
simply use the fuzzy intersection: 

dang QC green) = d,(x, green) ^g dg(x, green) = 0.6- 
0.7 = 0.42, 

and 

dang (X, tall) 2 d,(x, tall) ^g dg(x, tall) 2 0.8: 0.6 = 
0.48. 

2) But, if the attribute value contradiction degree with 
respect to the corresponding dominant attribute value is different 
from 0 and from 1, the result of the plithogenic intersection is 
between the results of fuzzy tnorm and fuzzy tconorm. Examples: 
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d,(x, yellow) Ap dp(x, yellow) = 0.2 ^g 0.4 = 0.2: 0.4 
= 0.08 (trorm), 
d4(x, yellow) Vg dg(x, yellow) = 0.2 Vz 0.4 
= 0.2 + 0.4 — 0.2: 0.4 = 0.52 (tconorm): 
while 
d(x, yellow) ^p dg(x, yellow) = 0.23 € [0.08, 0.52] 
tor 0.23 = 0.2266... = (2/3)x0.08 + (1/3)x0.52, i.e. a linear 
combination of tnorm and tegnorm}- 
Similarly: 
d4(x,red) ^, dg(x,red) = 0.7 Ap 0.6 = 0.7 - 0.6 
= 042 (tnorm), 
d4(x,red) V, dg(x,red) = 0.7 Vp 0.6 = 0.7 + 0.6 — 0.7- 
0.6 = 0.88 (tconorm): 
while 
d4(x,red) ^, dg(x,red) = 0.57 € [0.42, 0.88] 
{linear combination of tnorm and tconorm}- 
And 
d,(x,medium) Ag dg(x, medium) = 0.5 Ag 0.4 = 0.5- 0.4 
= 0.20, 
d4(x, medium) Vp dg(x, medium) = 0.5 vg 0.4 
= 0.5 + 0.4 — 0.5- 0.4 = 0.70, 
while 
dr, medium) ^, dg (x, medium) = 0.45, which is just in 
the middle (because “medium” contradiction degree is =) of the 


interval [0.20, 0.70]. 
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11.24. Single-Valued Intuitionistic Fuzzy Set Degree 














of Appurtenance 

Contradiction 0 1 2 0 1 
Degrees 3 3 2 
Attributes’ green | yellow | red tall medium 
Values 

Expert | (0.4, (0.1, (0, 0.3) (0.8, (0.4, 

A 0.5) 0.2) 0.2) 0.5) 
Intuitionistic Expert | (0.6, (0.4, (0.2, 0.5) (0.6, (0.5, 
Fuzzy B 0.3) 0.3) 0.1) 0.3) 
Degrees 





Experts | (0.24, | (0.18, (0.13, 0.32) (0.48, | (0.45, 



































AMB | 0.65) | 0.31) 0.28) | 0.40) 

Experts | (0.76, | (0.32, | (0.07, 0.48) (0.92, | (0.45, 

Av,B | 0.15) | 0.19) 0.02) | 0.40) 
Table 6. 
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1.24.1. One-Attribute Value Plithogenic Single-Valued 


Intuitionistic Fuzzy Set Intersection 


{degrees of contradictions | 
0 0 
di (x, green) ^, dg (x, green) = (0.4,0.5) Ap (0.6, 0.3) 
= (0.4 ^, 0.6, 0.5 v, 0.3) = 
= (1- [0.4- 0.6] + 0 - [0.4 + 0.6 — 0.4 - 0.6], 0 
- [0.50.3] + 1- [0.5 + 0.3 — 0.5 - 0.3]) 
— (0.24, 0.65). 


1/3 1/3 
di (x, yellow) A, dg (x, yellow) = (0.1,0.2) Ap (0.4, 0.3) 
= (0.1 A, 0.4, 0.2 vp 0.3) 


= (B - j [0.1 Ap 0.4] + E 


ig: nal 1- j [0.2 Vp 0.3]) + D 
- [0.2 Ap 0.3] 


2 1 
= LG [0.10.4]  z - [0.1 € 0.4 — 0.1: 04], 


2 1 
zo [02:03 - 02- 0.3]) +z [0.2 0.3] 


~ (0.18, 0.31). 
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2/3 2/3 
IF (x, red) ^p d! (x, red) = (0, 0.3) Ap (0.2, 0.5) 
= (0 ^, 0.2, 0.3 v, 0.5) 


z (f e sl [0 Ap 0.2] + D [0 v; o2], [1 x 3 
- [0.3 Vp 0.5] «B [0.3 Ap 0.5] +) 
2 
3 


= [0- 0.2] + O0 


-[0.3 + 0.5 — 0.3 - 0.5] + d [0.3 - 0.5]) 
~ (0.13, 0.32). 


0 0 
IF (x, tall) ^p d! (x, tall) = (0.8, 0.2) ^, (0.6, 0.1) 
= (0.8 ^, 0.6, 0.2 V, 0.1) 
= ({1 — 0}- [0.8 Ap 0.6] + (0) 
` [0.8 v; 0.6], { 1 — 0) - [0.2 Vp 0.1] + (0) 


- [0.2 Ap 0.1] 
= (1 - [0.8 - 0.6] + 0- [0.8 + 0.6 — 0.8: 0.6], 1 


- [0.2 + 0.1 2 0.2: 0.1] + 0 [0.2 - 0.1]) 
— (0.48, 0.28). 
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V % 
di (x, medium) ^, dg (x, medium) = (0.4, 0.5) ^, (0.5, 0.3) 
= (0.4 A, 0.5, 0.5 Ve 0.3) 


- (f d 7 - [0.4 Ag 0.5] + D 

- [0.4 v; ll 1- J - [0.5 V; 0.3] + D 

: [0.5 ^ 0.3]) 

S G [0.4 - 0.5] + > [0.4+0.5—0.4: CR 


EE E 2 [0.5 - 0.3]) 

= (0.45, 0.40). 
1.24.2. One-Attribute Value Plithogenic Single-Valued 
Intuitionistic Fuzzy Set Union 


0 0 
di (x, green) V, dg (x, green) = (0.4, 0.5) Vp (0.6, 0.3) 
= (0.4 v, 0.6, 0.5 A, 0.3) 
= ((1 — 0)- [0.4 Vp 0.6] + (0) 
- [0.4 Ap 0.6], (1 — 0} + [0.5 Ap 0.3] + (0) 
- [0.5 vp 0.3]) 
= (1- [0.4 + 0.6 — 0.4- 0.6] + 0 - [0.4 - 0.6],0 
- [0.5 : 0.3] + 1- [0.5 + 0.3 — 0.5 - 0.3]) 
— (0.76, 0.15). 
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1/3 1/3 
di (x, yellow) V dg (x, yellow) = (0.1,0.2) Vp (0.4, 0.3) 
= (0.1 Vp 0.4, 0.2 A, 0.3) 


= ({ i= j [0.1 Vp 0.4] + D 
1 1 
. [0.1 Ap ail 1- | - [0.2 Ap 0.3] + zi 


- [0.2 v; 03]) 


2 1 2 
—[-:[0.14-0.4— 0.1: 0.4 —:[0.1: 0.4], — 
LG [0.1 + a Li 
1 
:[02: 0.3] + 2: [0:2 0.3 - 0:2- 0.3]) 
~ (0.32, 0.19). 


2/3 2/3 
d} (x,red) Vp dg (x, red) = (0, 0.3) v (0.2, 0.5) 
= (0 v, 0.2, 0.3 Ay 0.5) 


= (b - 2 -[0 v, 0.2] + B - [0 ^; o2] [1 - S 
-[0.3 A, 0.5] + B - [0.3 v, nl 

= (5 [0 + 0.2 — 0- 0.2] + : [0 - EE 0.5] 
+ z, [0.3 + 0.5 — 0.3 0.5]) ~ (0.07, 0.48). 
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0 0 
di (x, tall) Vp dg (x, tall) = (0.8, 0.2) Vp (0.6, 0.1) 
= (0.8 Vp 0.6,0.2 Ay 0.1) 
= ({1 — 0)- [0.8 ve 0.6] + {0} 
: [0.8 Ap 0.6], (1 — 0} + [0.2 Ap 0.1] + {0} 


- [0.2 v; 0.1] 
= (1 - [0.8 + 0.6 — 0.8: 0.6] + 0-[0.8- 0.6], 1 


- [0.2- 0.1] + 0: [0.2 + 0.1 — 0.2 — 0.1]) 
= (0.92, 0.02). 


1/2 1/2 
di (x, medium) v, dg (x, medium) = (0.4,0.5) v, (0.5, 0.3) 
= (0.4 vp 0.5,0.5 Ay 0.3) 


= (f - 5 [0.4 v, 0.5] + D 

- [0.4 Ap 0.5], H A J [0.5 Ap 0.3] + B 

[0.5 Vp 0.3]) 

" G [0.4 + 0.5 = 0.4 - 0.5] + > [0.4 - 0515 
. [0.5 - 0.3] + > GË 0.3]) 

= (0.45, 0.40). 
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11.25. Single Valued Neutrosophic Set Degree of 




















Appurtenance 
Contradiction Degrees | 0 1 2 0 1 
3 3 2 
Attributes’ Values green yellow | red tall medium 
Expert S 1 i (0.3, (0.2, (0.8, 
2 
ge (0.4,0.1,0.5) | "Di 03, | 06, 
0.2) 0.4) 0.1) 0.2, 0.3) 
Neutrosophic | Expert (0.5, 0.2, 0.4) | (0.4, (0.3, (0.7, (0.5, 
B 0.1, 0.4, 0.1, 0.1, 0.3) 
0.3) 0.2) 0.6) 
Degrees Experts | (0.20, 0.15, (0.27, | (0.31, (0.56, | (0.55, 
AA,B 0.70) 0.35, 0.25, 0.20, | 0.15, 
0.31) 0.23) 0.64) 0.30) 
Experts | (0.70, 0.15, (0.43, | (0.19, (0.94, (0.55, 
AVpB 0.20) 0.35, 0.25, 020, | 0.15, 
0.19) 0.37) 0.06) 0.30) 





























Table 7. 
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II.25.1. One-Attribute Value Plithogenic Single-Valued 


Neutrosophic Set Intersection 


dit (x, green) ^ d} (x, green) 
= (0.4, 0.1, 0.5) Ap (0.5, 0.2, 0.4) 


1 1 
= (04 ^p 0.5, {1 — 5} - (0.1 A, 0.2) + i 
: (0.1 vp 0.2),0.5 vp 04) 
1 1 
= (04 Ap 05,7 [0.1 ^, 0.2] + 5 


- [0.1 v, 0.2], 0.4 v, 0.5) 


( Using first the interior neutrosophic contradiction degrees 
(between the neutrosophic components T, J, and F): 


"E ES 
2 
T, L F 
1 
= (a — 0} - [0.4 Ap 0.5] + (0) - [0.4 Vp dE [0.1 Ap 0.2] 
1 
de [0.1 v, 0.2], (1 — 0) - [0.5 Vp 0.4] + {0} 
[0.5 Ap nai - 
1 
= (1 - [0.4 - 0.5] + 0- [0.4 + 0.5 — 0.4 - 0.5],5° [0.1 ^, 0.2] 
il 
EC [0.1 v, 0.2], (1 — 0) - [0.5 + 0.4 — 0.5 - 0.4] 


Fosos nai 
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d 1 
= (020,7 [0.1 Ap 0.2] +5: [0.1 v; 0.2], 0.70) 
= (0.20 0.1 02)41 
= D e D D 2 


- [0.1 + 0.2 — 0.1 - 0.2], 0.70) 
= (0.20, 0.15, 0.70). 


di (x, yellow) A, dg (x, yellow) 


1 1 
0.3, 0.6, 02 0.4, 0.1, 0.3 


1 1 
- (03 Mp 0.4,5 [0.6 A, 0.1] + 7 
[0.6 v, 0.1], 0.2 v, 03) 


m firstly used the interior neutrosophic contradiction degrees: | 


1 
c(T,1) = z €, F) E 


= (B e 3 - [0.3 Ap 0.4] + D [0.3 v; 0415 De, 0.1] + : 


Freeë oh = 3 . [0.2 Vz 0.3] 
1 
+ Ei [0.2 A; 0.31) 


-( [03-04] + 1 
"Ehe" VE WS 3 


2 
[0.3 + 0.4 — 0.3 - 0.4], 0.35,5 


1 
[0.2 + 0.3 — 0.2 - 0.3] + 5° [0:2 0.3]) 
~ (0.27, 0.35, 0.31). 
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2/3 2/3 
d] (x, red) ^p d} (x, red) = (0.2, 0.1, 0.4) A, (0.3, 0.4, 0.2) 
= (0.2 ^y 0.3, 0.1 Vp 0.4, 0.4 Vp 0.2) 


= Ui = S - [0.2 Az 0.3] + g - [0.2 v, nal: 


[Hh Ap I5 + 1, Vp E], {according to Theorem 5} 
fı E S . [0.4 Vp 0.2] + B - [0.4 Ap 0.2]) 
= CG [0.2 - 0.3] + a [0.2 + 0.3 — 0.2 - 0311 
3 3 2 
(O04 + 0.1 + 0.4 — 0.1 - 04] 


2 
[04 02 - 04-02] Z< [0.4- 0.21) 


= (0.31, 0.25, 0.23). 
{The degree of contradiction is 2/3 > 0.5. 


d'G tall) ^y d} (x, tall) = (0.8, 0.3, 0.1) Ap (0.7, 0.1, 0.6) 
= (0.8 A, 0.7, 0.3 V, 0.1,0.1 Vp 0.6) 


1 
= (0.8 Ae 0.7,— 
( ENKI 


- (0.3 Ag 0.1 + 0.3 Vg 0.1), 0.1 Vp 0.6) 
(since the exterior degree of contradiction is zero) 


1 
= (os : EN (0.3 - 0.1 + 0.3 + 0.1 — 0.3 - 0.1), 0.1 + 0.6 


zx 0.6) — (0.56, 0.20, 0.64). 
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d] (x, medium) ^, d} (x, medium) 
= (0.6, 0.2, 0.3) Ay (0.5, 0.1, 0.3) 
= (0.6 Ay 0.5, 0.2 V, 0.1,0.3 Vp 0.3) 


1 1 1 
—|[—-[0.6-0.5 —-[0.6+ 0.5 —0.6- 0.5], 2 
(5 [ Ins [0.6 + L 
1 
[0.2-0.1+0.2+0.1—0.2-0.1],5- [0.3 0.3] 


1 
ECH [0.3 + 0.3 — 0.3 - 0.3]) 


= (0.55, 0.15, 0.30). 
{Since the degree of contradiction is 1/2. } 


1.25.2. One-Attribute Value Plithogenic Single-Valued 


Neutrosophic Set Union 


d] (x, green) V, dg (x, green) 


0 0 
= (o4, 0.1, 0.5) Ve (os, 0.2, a) 
= (0.4 v, 0.5,0.1 A, 0.2,0.5 Ap 0.4) 


{since the degree of contradiction is zero} 


= (o4 + 0.5 — 0.4 


1 
. 05,2 (0.1 : 0.2 + 0.1 + 0.2 — 0.1 - 0.2), 0.5 


04) — (0.70,0.15,0.20). 


102 


d] (x, yellow) Vp dg (x, yellow) 


1 1 
0.3, 0.6, 02 0.4, 0.1, 0.3 


= (0.3 Vp 0.4, 0.6 ^; 0.1,0.2 ^, 0.3) 


E (f z 3 . [0.3 Vp 0.4] + D [0.3 Ag 0415 


1 
- [0.6 Ag 0.1 + 0.6 Vz 0.1], {1 = 5} - [0.2 Ap 0.3] 


2 D GER? 0.31) 


2 1 1 
= |(—.- 10.3 + 0.4 — 0.3 - 0.4 -—-|0.3-0.4],— 
(5 [0.3 + ER 5 
2 
[0.6 0.1 + 0.6 + 0.1 — 0.6 -0.1],5 + [0.2 0.3] 
1 
+z [0.2 + 0.3 — 0.2 - 0.3]) 


~ (0.43, 0.35, 0.19). 
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d'G, red) Vp dy (x, red) 


2 2 
0.2, 0.1, 0.4 0.3, 0.4, 0.2 


= (0.2 v, 0.3, 0.1 An 0.4, 0.4 Ap 0.2) 
= (B - sl [0.2 v, 0.3] + EI [0.2 A 0.3]) S 
3 p 3 ? £^ 
2 
` [0.1 Az 0.4 + 0.1 Vp 0.44, [1 - zi - [0.4 Ag 0.2] 
2 
+ zi - [0.4 v, 0.2] 
1 2 
= LG [0.2 + 0.3 — 0.2 - 0.3] + z + [02 0.3] 


1 
[0.10.4 + 0.4 + 0.1 — 0.1: 04], [04 - 0.2] 


2 


2 
+ Se? [0.4 + 0.2 — 0.4 - 0.21) 
= (0.19, 0.25, 0.37). 
{The degree of contradiction is = > 0.5.} 
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d] (x, tall) Vp d$ (x, tall) 


0 0 
= (os, 0.3, 01) V» (o7, 0.1, 0.6) 
= (0.8 v, 0.7, 0.3 ^, 0.1, 0.1 Ap 0.6) 


1 
= (os Vr 0.7,5 (0.3 Ap 0.1 
+ 0.3 Vp 0.1), 0.1 Ag 0.6) 
= (os + 0.7 — 0.8 
1 
:07,7 (0.3 - 0.1 + 0.3 + 0.1 — 0.3 - 0.1), 0.1 


; 0.6) = (0.94, 0.20, 0.06). 


d] (x, medium) v, d} (x, medium) 


1 1 
0.6, 0.2, 0.3 0.5, 0.1, 0.3 


= (0.6 V, 0.5, 0.2 Vp 0.1,0.3 V, 0.3) 


= (f — S - [0.6 v, 0.5] + D - [0.6 Ap nal: 
- [0.2 Ag 0.1 + 0.2 v, 0.1], 


{1 — 2 - [0.3 Ap 0.3] + D - [0.3 v, 0.3] 


1 1 1 
E (5: [0.6 + 0.5 — 0.6- 0.5] +5- [0.6 -0.5],5 


1 
[0.2-0.1+0.2+0.1-0.2-0.1],5- [0.3 - 0.3] 
1 
tz: [03-03 -03- 0.3]) 
= (0.55, 0.15, 0.30). 
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III. PLITHOGENIC LOGIC 


We now trace the previous study on plithogenic set and 
adjust it to the plithogenic logic. In order for the chapter to be self- 
contained, we recopy the previous main plithogenic set formulas 


and ideas, but we correlate and adapt them to the logic field. 


III.1. Informal Definition of Plithogenic Logic 


A plithogenic logical proposition P is a proposition that is 
characterized by many degrees of truth-values with respect to the 
corresponding attributes’ values that characterize P. 

For each attribute’s value v there is a corresponding degree 
of truth-value d(P, v) of P with respect to the attribute value v. 

In order to obtain a better accuracy for the plithogenic 
aggregation logical operators, a contradiction (dissimilarity) 
degree is defined between each attribute value and the dominant 
(most important) attribute value. 

{However, there are cases when such dominant attribute 
value may not be taking into consideration or may not exist [and 
then by default the contradiction degree is taken as zero], or there 
may be many dominant attribute values. In such cases, either the 
contradiction degree function is suppressed, or another 
relationship function between attribute values should be 
established.) 

The plithogenic aggregation logical operators (conjunction, 
disjunction, negation, inclusion, equality) are based on 


contradiction degrees between attributes’ values, and the first two 
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are linear combinations of the fuzzy logical operators tnorm and 
tconorm. 

Plithogenic logic is a generalization of the classical logic, 
fuzzy logic, intuitionistic fuzzy logic, and neutrosophic logic, since 





these four types of logics are characterized by a single attribute 
value (truth-value): which has one value (truth) — for the classical 
logic and fuzzy logic, two values (truth, and falsehood) — for 
intuitionistic fuzzy logic, or three values (truth, falsehood, and 
indeterminacy) — for neutrosophic logic. 

A plithogenic logic proposition P, in general, may be 
characterized by four or more degrees of truth-values resulted from 
the number of attribute-values that characterize P. The number of 
attribute-values is established by the experts. 


III.2. Formal Definition of Single (Uni-Dimensional) 


Attribute Plithogenic Set 


Let U be a logical universe of discourse, and P a logical 
proposition, P € U. 


III.2.1. Attribute Value Spectrum 


Let zë be a non-empty set of uni-dimensional attributes = 
Jor, Q2, ..., Gand, 

m = 1; and a € Æ be a given attribute whose spectrum of all 
possible values (or states) is the non-empty set S, where S can be a 
finite discrete set, S = {si s», ..., si}, 1 € I «oo, or infinitely 
countable set S = Aen s2 .., Sof, or infinitely uncountable 


(continuum) set S = Ja, b|, a < b, where J...[ is any open, semi- 
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open, or closed interval from the set of real numbers or from other 


general set. 
III.2.2. Attribute Value Range 


Let V be a non-empty subset of S, where V is the range of 
all attribute's values needed by the experts for their logical 
application. Each logical proposition P is characterized by all 


attribute's values in V = {v1, v2, ..., vaj, forn >= 1. 
III.2.3. Dominant Attribute Value 


Into the attribute's value set V, in general, there is a dominant 
attribute value, which is determined by the experts upon their 
application. Dominant attribute value means the most important 
attribute value that the experts are interested in. 

(However, there cases when such dominant attribute value 
may not be taking into consideration or not exist [in such case it is 
zero by default], or there may be many dominant (important) 
attribute values - when different approach should be employed. } 


III.2.4. Attribute Value Truth-Value Degree Function 


With respect to each attributes value v € V the proposition P 
has a corresponding degree of truth-value: d(P, v). 

The degree of truth-value may be: a fuzzy degree of truth- 
value, or intuitionistic fuzzy degree of truth-value, or neutrosophic 
degree of truth-value of the proposition P with respect to v. 

Therefore, the attribute value truth-value degree function is: 

VP € U, d: UxV9 2200. UL (197) 

so d(P, v) is a subset of [0, 1]”, where 
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A[0, 1] 7) is the power set of the /0, 177, where z = 1 (for 
fuzzy degree of truth-value), z = 2 (for intuitionistic fuzzy degree 
of truth-value), or z = 3 (for neutrosophic degree de truth-value). 


IILI.2.5. Attribute Value Contradiction Degree Function 


Let the cardinal |V] 2 /. 

Let c: VxV > [0, 1] be the attribute value contradiction 
degree function (that we introduce now for the first time) between 
any two attribute values v; and v2, denoted by 

c(vi, v2), and satisfying the following axioms: 

c(vi, vi) = 0, the contradiction degree between the same 
attribute values is zero; 

C(V1, V2) = c(v2, vi), commutativity. 


For simplicity, we use a fuzzy attribute value contradiction 





degree function (c as above, that we may denote by cr in order to 
distinguish it from the next two), but an intuitionistic attribute 
value contradiction function (cir : Vx V > [0, 1]’), or more general 
a neutrosophic attribute value contradiction function (cn : Vx V > 
[0, 1I?) may be utilized increasing the complexity of calculation 
but the accuracy as well. 

We mostly compute the contradiction degree between uni- 
dimensional attribute values. For multi-dimensional attribute 
values we split them into corresponding uni-dimensional attribute 
values. 

The attribute value contradiction degree function helps the 
plithogenic aggregation logical operators, and the plithogenic 
logical inclusion (partial order) relationship to obtain a more 


accurate result. 
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The attribute value contradiction degree function is designed 
in each field where plithogenic logic is used in accordance with the 
application to solve. If it is ignored, the aggregations still work, but 
the result may lose accuracy. 

Then (U, a, V, d, c) is called a plithogenic logic: 

where “U” is a logical universe of discourse of many logical 
generic propositions P, “a” is a (multi-dimensional in general) 
attribute, “V” is the range of the attribute's values, “d” is the degree 
of truth-value of each logical proposition P € U with respect to 
each attribute value - and *d" stands for “dp” or "due" or “dy”, 
when dealing with fuzzy degree of truth-value, intuitionistic fuzzy 
degree of truth-value, or neutrosophic degree of truth-value 
respectively of a plithogenic logical proposition P; and “c” stands 
for “cr” or "cir? or “cn”, when dealing with fuzzy degree of 
contradiction (dissimilarity), intuitionistic fuzzy degree of 
contradiction, or neutrosophic degree of contradiction between 
attribute values respectively. 

The functions d(-,-) and ct) are defined in accordance 
with the logical applications the experts need to solve. 

One uses the notation: 

P(d(P,V)), 
where d(P,V) = {d(P, v), for all v E V}, VP E U. 


III.2.6. About the Plithogenic Aggregation Logical 
Operators 


The attribute value contradiction degree is calculated 
between each attribute value with respect to the dominant attribute 
value (denoted vp) in special, and with respect to other attribute 


values as well. 
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The attribute value contradiction degree function c between 
the attribute’s values is used into the definition of plithogenic 
aggregation logical operators {conjunction (AND), disjunction 





(OR), Negation (=), Implication (=), Equivalence (<>), and 
other plithogenic aggregation operators that combine two or more 
attribute value degrees - that tnorm and tconorm act upon}. 

Several of the plithogenic aggregation logical operators are 
linear combinations of the fuzzy Toon (denoted Ar), and fuzzy 
Íconorm (denoted Vr), but non-linear combinations may as well be 
constructed. 

If one applies the tnorm on dominant attribute value denoted 
by vp, and the contradiction between vp and v2 is c(vp, v2), then 
onto attribute value v2 one applies: 

[1 — erun, v) tnorm(VD, v2) + c(vp, v2)-tconorm(Vp, v2), (198) 

Or, by using symbols: 

[1 — c(vp, v3)]-(vpArva2) + c(vp, v2) (vbVrv3). (199) 

Similarly, if one applies the tconorm on dominant attribute 
value denoted by vp, and the contradiction between vp and v2 is 
C(VD, v2), then onto attribute value v2 one applies: 

[1 — c(vp, vz)]-tconorm(vb, v2)  c(vp, vz)-tnorm(Vp, v2), (200) 

Or, by using symbols: 

[1 — c(vp, və VDV rv2) + c(vp, v3) (vb^rv3). (201) 


III.3. Plithogenic Logic as Generalization of other 
Logics 


The plithogenic set is an extension of all: classical logic, 
fuzzy logic, intuitionistic fuzzy logic, and neutrosophic logic. 
For examples: 
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Let Ube a logical universe of discourse, and a generic logical 
proposition P € U. Then: 


III.3.1. Classical (Crisp) Logic (CCL) 


The attribute is a = *truth-value"; 
the set of attribute values V = (truth, falsehood}, with 
cardinal |V] = 2; 
the dominant attribute value — truth; 
the attribute value truth-value degree function: 
d: UxV—{0, 1}, (202) 
d(P, truth) = 1, d(P, falsehood) = 0, 
and the attribute value contradiction degree function: 
c: Vx V>{0, 1}, (203) 
c(truth, truth) = c(falsehood, falsehood) = 0, 
c(truth, falsehood) = 1. 
I111.3.1.2. Crisp (Classical) Intersection 


a/\ be {0, 1} (204) 
111.3.1.3. Crisp (Classical) Union 

a Vbe {0, 1} (205) 
III 3.1.4. Crisp (Classical) Complement (Negation) 

~a E {0; 1}. (206) 


III.3.2. Single-Valued Fuzzy Logic (SVFL) 


The attribute is a = *truth-value"; 

set of attribute values V = {truth}, whose cardinal |V| = 1; 
the dominant attribute value — truth; 

the attribute value truth-value degree function: 

d: UxV—9[0, 1], (207) 
with d(P, truth) € [0, 1]; 
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and the attribute value contradiction degree function: 
c: VxV>[0, 1], (208) 
c(truth, truth) — 0. 
111.3.2.1. Fuzzy Intersection 
a ^r b € [0, 1] 
I111I.3.2.2. Fuzzy Union 
a Vr b € [0, 1] 
111.3.2.3. Fuzzy Complement (Negation) 
—Fra-]- a €[0, 1]. (209) 


III.3.3. Single-Valued Intuitionistic Fuzzy Logic (SVIFL) 


The attribute is a = *truth-value"; 

the set of attribute values V = (truth, falsehood}, whose 
cardinal |V] = 2; 

the dominant attribute value — truth; 

the attribute-value truth-value degree function: 

d: UxV—[0, 1], (210) 

d(P, truth) € [0, 1], d(P, falsehood) € [0, 1], 

with d(P, truth) + d(P, falsehood) € 1, 

and the attribute value contradiction degree function: 

c: VxV—[0, 1], (211) 

c(truth, truth) — c(falsehood, falsehood) — 0, 

c(truth, falsehood) = 1, 

which means that for SVIFL aggregation operators’ 
conjunction (AND) and disjunction (OR), if one applies the tnorm 
on truth degree, then one has to apply the feonorm on falsehood 
degree — and reciprocally. 

Therefore: 
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111.3.3. 1. Intuitionistic Fuzzy Intersection 


(a1, a2) Nrs (by, b2) = (a, ^p ba, Vp ba) (212) 
IIT, 3.3.2. Intuitionistic Fuzzy Union 

(a1, a2) Virs (by, b2) = (a, Vp ba, ^p by), (213) 

and 


HT. 3.3.3. Intuitionistic Fuzzy Complement (Negation) 
— IFS (a1, a2) = (a2, a1). (214) 
where Ar and Vr are the fuzzy ínom and fuzzy teonorm 


respectively. 
III.3.4. Single-Valued Neutrosophic Set (SVNS) 


The attribute is a = *truth-value"; 

the set of attribute values V = (truth, indeterminacy, 
falsehood}, whose cardinal |V| = 3; 

the dominant attribute value — truth; 

the attribute-value truth-value degree function: 

d: UxV-[0, 1], (215) 

d(P, truth) € [0, 1], d(P, indeterminacy) € [0, 1], 

d(P, falsehood) € [0, 1], 

with 
0 € d(P, truth) + d(P, indeterminacy) + d(P, falsehood) € 3; 

and the attribute-value contradiction degree function: 

c: VxV—[0, 1], (216) 

c(truth, truth) — c(indeterminacy, indeterminacy) — 
c(falsehood, falsehood) = 0, c(truth, falsehood) = 1, 

c(truth, indeterminacy) = c(falsehood, indeterminacy) = 0.5, 

which means that for the SVNL aggregation operators 


(conjunction, disjunction, negation etc.), if one applies the tnorm on 
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truth, then one has to apply the feonorm on falsehood {and 
reciprocally), while on indeterminacy one applies the average of 
tnorm and fconorm, as follows: 
111.3.4. 1. Neutrosophic Conjunction 
IT.3.4.1.1. Simple Neutrosophic conjunction (the most used by 
the neutrosophic community): 

(a1, a2, a3) Ant (by, bz, b3) — (a, Ap ba, Vp bi Vp b) 

(217) 

IlI.3.4.1.2. Plithogenic Neutrosophic Conjunction 

(a1, a2, a3) ^P (by, bz, b3) 


1 
= (a AF bs Las ^r by) (a Vp b) a; Yp dk (218) 


III 3.4.2. Neutrosophic Disjunction 
IT.3.4.2.1. Simple Neutrosophic Disjunction (the most used by 
the neutrosophic community): 


(a1, a2, as) Mat, (by, bz, b3) — (a, Vp ba, Ap bi Ap bi) 


(219) 
IlI.3.4.2.2. Plithogenic Neutrosophic Disjunction 
(al, a2, a3) VP (bi, bo, b3) = 
1 
4 Vp bs Las A b) + (a, Vp bla ^r b; 
(220) 


In other way, with respect to what one applies on the truth, 
one applies the opposite on falsehood, while on indeterminacy one 
applies the average between them. 

IIT. 3.4.3. Neutrosophic Negation: 


—ys (04, Az, Az) = (a5, Az, a4). (221) 
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III.4. One-Attribute-Value Plithogenic Single-Valued 
Fuzzy Logic Operators 


We consider the single-value number degrees, for simplicity 
of the example. 

Let v; be a uni-attribute value and its degree of contradiction 
with respect to the dominant uni-attribute value vp be 

C(Vvp, Vj) € cj. 

Let d4(P, vj) be the truth-value degree of the attribute-value 
vi of the logical proposition P with respect to the Expert A. And 
similarly for dg(P,vj) Then, we recall the plithogenic 
aggregation logical operators with respect to this attribute value v; 
that will be employed: 


IILI.4.1. One-Attribute-V alue Plithogenic Single-Valued 
Fuzzy Logic Conjunction 
d,(P, vi) Np dp(P, vi) 
= (1 — ci) ` [d4 (P, vi) Ar dgCP,v:)] + ci 


: [d4CP, vi) Vr dg CP, vi)] 
(222) 


III.4.2. One-Attribute Value Plithogenic Single-Valued 
Fuzzy Logic Disjunction 
d,(P, vi) Vp dg(P,v;) = 
= (1 — ci) [d4(P, vj) Vr dgCP,vi)] + ci 


: [d4CP, vi) Ar dg CP, v;)] 
(223) 
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III.4.3. One Attribute Value Plithogenic Single-Valued 


Fuzzy Logic Negation 
api = anti(v;i) = (1 — cj) + vi (224) 
—pd4 QP, (1 <a ci)vi) = d4CP, vi) (225) 


III.5. n-Attribute-Values Plithogenic Single-Valued 
Logic Operators 


The easiest way to apply the plithogenic logic operators on a 
multi-attribute plithogenic logic is to split back the m-dimensional 
attribute, m => 1, into m uni-dimensional attributes, and separately 
apply the plithogenic logic operators on the set of all values 
(needed by the application to solve) of each given attribute. 

Therefore, let a be a given attribute, characterizing each 
element x € P, whose set of values are: 

Veo Un Va -npn 2 1, (226) 

where vp = dominant attribute value, and c(vp, vi) = cj € 
[0, 1] the contradiction degrees. Without restricting the generality, 
we consider the values arranged in an increasing order with respect 
to their contradiction degrees, 1.e.: 

CUp, Vp) =0 < c € c; €: € ci, 

«LEG SS On S1. (227) 
II1.5.1. n-Attribute-V alues Plithogenic Single-Valued 
Fuzzy Logic Operators 


Let’s consider two experts, A and B, which evaluate a logical 
proposition P, with respect to the fuzzy degrees of the values 
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V, ..., Vn Of truth-values of the logical proposition P, upon some 
given criteria: 
di:P x V > [0,1], d (x, vi) = aj € [0,1], (228) 
d§:P x V [0,1], dE (x, vi) = b; € [0,1], (229) 
for all i € (1,2, ..., n]. 


III.5.2. n-Attribute-V alues Plithogenic Single-Valued 


Fuzzy Logic Conjunction 


CH 5, + Dias ligt e An) Np (b,, bz, e big Pints n bn) 
= (a Ae Dn, A2 Ap D5, s Aig Ap Bigs Oi aa Ap Di uan Ap Bn ) 
(230) 
The first ig conjunctions are proper plithogenic conjunctions 
(the weights onto the fnorm’s are bigger than onto fconorm' S): 
Q4 Ap Du, 05 Np D2) ..., ai, Np bi, (231) 
whereas the next n - ig conjunctions 
Gita ^p Bioti» + An Ap Dn (232) 
are improper plithogenic disjunctions (since the weights onto 


the tnorm’s are less than onto feonorm’s): 
III.5.3. n-Attribute-V alues Plithogenic Single-Valued 
Fuzzy Logic Disjunction 
(3505555: Qiy Gp poe n.) Vp (bos ba, =, Dix Dic epos ba). (233) 
= (a Vp bi, az Vp bo, wiy Qi, Vp bi,» Qio1 Vp Dn HN. An Vp b, ) 
The first ig disjunctions are proper plithogenic disjunctions 
(the weights onto the feonorm’s are bigger than onto fnorm’s): 
Q4 Vy by, a2 Vy ba, ..., ai, Vp bi, (234) 
whereas the next n - ig disjunctions 
Qj ei Vp Bioti +) An Vp Dg (235) 
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are improper plithogenic conjunctions (since the weights 


onto the feonorm’s are less than onto fnorm’s): 


III.5.4. n-Attribute-Values Plithogenic Single-Valued 
Fuzzy Logic Negations 


In general, for a generic logical proposition P, characterized 
by the uni-dimensional attribute a, whose attribute values are V = 
(Vp, Vz, -Vn n 2 2, and with attribute value contradiction 
degrees (with respect to the dominant attribute value vp) are 
respectively: 0 < c; S++} < Cn-1 £ Cn € 1, and their attribute 
value degrees of truth-values with respect to the set P are 
respectively ap,à5,...,0, 1, an € [0,1] , then the plithogenic 
fuzzy logic negation of P is: 


0 C2 Cni Cn 
[P Vp, U2, ..., Vn—1, Vn |= 


Ap Q2 An-1 An 
T= DO lc 1—cp 
ip. DE anti(v,_1) ...anti(v;) ois) (236) 
An An-1 a2 ap 
Some anti(V;) may coincide with some V;, whereas other 
anti(V;) may fall in between two consecutive Ip v,,4] or we 
may say that they belong to the Refined set V; 


or 


Vn LE 
EE ES? 
{This version gives an exact result when the contradiction 
degrees are equi-distant (for example: 0, 0.25, 0.50, 0.75, 1) or 
symmetric with respect to the center 0.5 (for example: 0, 0.4, 0.6, 
1), and an approximate result when they are not equi-distant and 


not symmetric to the center (for example: 0, 0.3, 0.8, 0.9, 1);} 
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or 
vı Vr xe Vip Bop = n 
fhi -a LS Ojala Lp ay ed aj (238) 
where anti(v;) € V or anti(v;) € RefinedV , for alli € 
Ll wk 


0 


III.6. Multi-Attribute Plithogenic General Logic 


III.6.1. Definition of Multi-Attribute Plithogenic General 
Logic 


Let U be a logical universe of discourse, and a plithogenic 
logical proposition P € U. 

Let - be a set of m > 2 attributes: a1, a2, ..., Qm, whose 
corresponding spectra of values are the non-empty sets A, S», ..., 
Sm respectively. 

Let Vi € Si, V2 € S», ..., Vn € Sm be subsets of attribute 
values of the attributes a1, a2, ..., dmrespectively needed by experts 
in their given application. 

For each € (1,2, ..., m}, the set of attribute values V; means 
the range of attribute aj’s values, needed by the experts in a 
specific application or in a specific problem to solve. 

Each logical proposition P € U is characterized by all m 
attributes. 

Let the m-dimensional attribute value degree function be: 

dim]: (U, Vy X V; X .. X Vin) 2 2X[0, Um. (239) 

For any P € U, and any vj € V; with j € (1,2, ..., m], one 
has: 

dim Pn, v2, ...,v)) € ALO, 1". (240) 
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III.6.2. Example of Plithogenic Logic 


Let 

P = “John is a knowledgeable person” 

be a logical proposition. 

The three attributes under which this proposition has to be 
evaluated about - according to the experts - are: 

Science (whose attribute values are: mathematics, physics, 
anatomy), Literature (whose attribute values are: poetry, novel), 

and Arts (whose only attribute value is: sculpture). 

Assume that one has: fuzzy truth-value degrees, and fuzzy 
contradiction (dissimilarity) degrees — for simpler calculation. 

The experts consider that the attributes’ values contradiction 
(dissimilarity) degrees, determined by the experts that study this 
problem, are: 

0 0.3 0.8 0 0.9 0 
mathematics, physics, anatomy; poetry, novels; sculpture 
Let’s assume that mathematics, poetry, sculpture are 


dominant [most important] attribute values for the attributes 





Science, Literature, and Arts respectively. 

The degree of contradiction (dissimilarity) between physics 
and mathematics is 0.3, between anatomy and mathematics is 0.8; 

while the degree of contradiction (dissimilarity) between 
novels and poetry is 0.9; 

there is no degree of contradiction (dissimilarity) between 
attribute values from different attribute classes (for example 
between sculpture and anatomy, etc.). 

According to Expert A(lexander), the truth-values of 
plithogenic proposition P are: 

P4(0.7, 0.6, 0.4; 0.9, 0.2; 0.5), 
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which means that John’s degree of truth (knowledge) in 
mathematics is 0.7, degree of truth (knowledge) in physics is 0.6, 
degree of truth (knowledge) in anatomy is 0.4; degree of truth 
(knowledge) in poetry is 0.9, degree of truth (knowledge) in novels 
is 0.2; degree of truth (knowledge) in sculpture is 0.5. 

But, according to Expert B(arbara), the truth-values of 
plithogenic proposition P are: 

P2(0.9, 0.6, 0.2; 0.8, 0.7; 0.3). 

We use the 6-attribute-values plithogenic single-valued 
logical intersection, taken as before 

tnorm(Q, b) "Or b-ab (241) 

and tconom(a, b) - av. b =a +b- ab 

(242) 

whence we get: 
Pa(0.7, 0.6, 0.4; 0.9, 0.2; 0.5) ^, Pn(0.9, 0.6, 0.2; 0.8, 0.7; 0.3) 
= PA ^p B(0.7 ae UH. 0.6^,0.6, 0.4A,0.2; 0.9^,0.8, 0.2 A, 0.7; 
0.5A,0.3) = Pa ^p B(0.7 ^, 0.9, 0.6 ^p 0.6, 0.4A,0.2; 0.9^, 0.8, 
0.2 Ap 0.7; 0.54, 0.3) = Pa a, B(0.7-0.9, (1-0.3):0.6 ^, 0.6+0.3- 0.6 
v , 0.6, (1-0.8): 0.4 ^, 0.2+0.8: 0.4 v, 0.2; 0.9-0.8, (1-0.9) 0.2 ^p 
0.7+0.9: 0.2v 4 0.7; 0.50.3) = 
PA ^, B(0.630, 0.504, 0.432; 0.720, 0.698; 0.150). 
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IV. PLITHOGENIC PROBABILITY 


We again trace both previous studies on plithogenic set and 
plithogenic logic respectively, and adjust them to the plithogenic 
probability. In order for the chapter to be self-contained, we recopy 
as well the previous plithogenic set and plithogenic logic main 
formulas and ideas, but we correlate and adapt them to the 
probabilistic field. 


IV.1. Informal Definition of Plithogenic Probability 


In the plithogenic probability each event E from a probability 
space U is characterized by many chances of the event to occur 
[not only one chance of the event to occur: as in classical 
probability, imprecise probability, and neutrosophic probability], 
chances of occurrence calculated with respect to the corresponding 
attributes’ values that characterize the event E The attributes’ 
values that characterize the event are established by experts with 
respect to the application or problem they need to solve. 

A discrete finite n-attribute-values plithogenic probability 
space Unk, of k events, each event together with its n chances of 
occurring, is displayed below: 

Unk = {E1(d11, d21, ..., dui), Ez(diz, d22, ..., dn2), ..., 

Ex(dix, don, ..., Ank)}. (243) 

With respect to each attribute's value vj, j € 11, 2, ..., nj, 

n > I, there is a corresponding degree of chance d(Ei, vj) = di of 
the event Eto occur, fori € {1, 2, ..., k}, k » I. 
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A discrete infinite n-attribute-values plithogenic probability 
space Uno, of infinitely many events, each event together with its 
n chances of occurring, is displayed below: 

Uno = {FE 1(d11, d21, ..., Ani), E2(d12, d22, ..., du), ..., 

E'x0(dic0, d200, ..., Anco). (244) 

While a continuous n-attribute-values — plithogenic 
probability space Unr is: 

Unt = (Ei(dii, dzi, ..., dni), i EL (245) 
where / is a continuous set of indices}. 

And a continuous infinite-attribute-values plithogenic 


probability space U, , 18: 
U,,, = (Ei(dii da, ..., dji), i € In j € I2 (246) 


where /; and /2 are continuous sets of indices}. 

In order to obtain a better accuracy for the plithogenic 
aggregation probabilistic operators, a contradiction (dissimilarity) 
degree is defined between each attribute value and the dominant 
(most important) attribute value. 

(However, there are cases when such dominant attribute 
value may not be taking into consideration or may not exist [and 
then by default the contradiction degree is taken as zero], or there 
may be many dominant attribute values. In such cases, either the 
contradiction degree function is suppressed, or another 
relationship function between attribute values should be 
established.) 

The plithogenic aggregation probabilistic operators 
(conjunction, disjunction, negation, inclusion, equality) are based 


on contradiction degrees between attributes’ values, and the first 
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two are linear combinations of the fuzzy logical operators’ tnorm 
and fconorm. 
IV.2. Plithogenic Probability as Generalization of 
other Probabilities 

Plithogenic probability is a generalization of the classical 


probability [ since a single event may have more crisp-probabilities 


of occurrence ], imprecise probability [ since a single event may 





have more subunitary subset-probabilities of occurrence ], and 


neutrosophic probability [ since a single event may have more 





triplets of: ^ subunitary subset-probabilities of occurrence, 
subunitary subset-probabilities of indeterminacy (not clear if 
occurring or not occurring), and subunitary subset-probabilities of 


nonoccurring |. 


IV.3. Formal Definition of Single (Uni-Dimensional) 


Attribute Plithogenic Probability 


Let U be a probability space, and an event E. € U. 
IV.3.1. Attribute Value Spectrum 


Let zë be a non-empty set of uni-dimensional attributes 

A = (01, 02, ..., Qm], m > 1; and a € € be a given attribute 
whose spectrum of all possible values (or states) is the non-empty 
set S, where S can be a finite discrete set, S ie, s2, ..., si; 1 
| «oo, or infinitely countable set S = ien, s2, ..., Sof, or infinitely 
uncountable (continuum) set S = Ja, b|, a < b, where ]...[ is any 
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open, semi-open, or closed interval from the set of real numbers or 


from other general set. 
IV.3.2. Attribute Value Range 


Let V be a non-empty subset of S, where V is the range of 
all attribute’s values needed by the experts for their probabilistic 
application. Each probabilistic event E is characterized by all 


attribute’s values in V = (vi, v2, ..., vaj, forn > I. 
IV.3.3. Dominant Attribute Value 


Into the attribute's value set V, in general, there is a dominant 
attribute value, which is determined by the experts upon their 
application. Dominant attribute value means the most important 
attribute value that the experts are interested in. 

(However, there cases when such dominant attribute value 
may not be taking into consideration or not exist [in such case it is 
zero by default], or there may be many dominant (important) 
attribute values - when different approach should be employed. } 


IV.3.4. Attribute-Value Chance-of-Occurrence Degree- 


Function 


With respect to each attributes value v € V the event E has a 
corresponding degree of occurring: d(E, v). 

The degree of occuring may be: a fuzzy degree of occuring, 
or intuitionistic fuzzy degree of occurring-nonoccurring, or 
neutrosophic degree of occurring- indeterminacy-nonoccuring. 


Therefore, the attribute-value chance-of-occurrence degree- 
function is: 
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VE € U, d: UxV> P ((0, 1]3, 
(247) 
so d(P, v) is a subset of [0, 1]^, where 
A[0, 1] 7) is the power set of /0, 1] 7, where z = 1 (for fuzzy 
degree of occurrence), z — 2 (for intuitionistic fuzzy degree of 
occurrence-nonoccurrence), or z — 3 (for neutrosophic degree de 
occurrence-indeterminacy-nonoccurence). 


IV.3.5. Attribute-Value Contradiction (Dissimilarity) 
Degree Function 


Let the cardinal |V] 2 /. 
Let c: VxV  [0, 1] be the attribute value contradiction 
degree function (that we introduce now for the first time) between 





any two attribute values v; and v2, denoted by 

c(v1, v2), and satisfying the following axioms: 

c(vi, vi) = 0, the contradiction degree between the same 
attribute values is zero; 

c(vi, v2) = c(v2, vi), commutativity. 

For simplicity, we use a fuzzy attribute value contradiction 
degree function (c as above, that we may denote by cr in order to 
distinguish it from the next two), but an intuitionistic attribute 
value contradiction function (cir : Vx V  [0, 1]’), or more general 
a neutrosophic attribute value contradiction function (cy : Vx V > 
[0, 1I?) may be utilized increasing the complexity of calculation 
but the accuracy as well. 

We mostly compute the contradiction degree between uni- 
dimensional attribute values. For multi-dimensional attribute 
values we split them back into corresponding uni-dimensional 


attribute values. 
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The attribute value contradiction degree function helps the 
plithogenic aggregation probability operators, and the plithogenic 
probability inclusion (partial order) relationship to obtain a more 
accurate result. 

The attribute value contradiction degree function is designed 
in each field where plithogenic probability is used in accordance 
with the application to solve. If it is ignored, the aggregations still 
work, but the result may lose accuracy. 

Then (U,a,V,d,c) is called a plithogenic probability: 

where “U” is the probability space of all events E, “a” is a 
(multi-dimensional in general) attribute with respect to which the 
chances of occurrences of E are calculated, “V” is the range of the 
attribute's values, “d” is the degree of chance-of-occurrence of 
each event E € U with respect to each attribute value - and “d” 
stands for “dp” or "due" or “dy”, when dealing with fuzzy degree 
of occurrence, intuitionistic fuzzy degree of occurrence- 
nonoccurrence, or  neutrosophic degree of occurrence- 
indeterminacy-nonoccurence respectively of a plithogenic 
probabilistic event E; and “c” stands for “cr” or “cir” or “en”, 
when dealing with fuzzy degree of contradiction (dissimilarity), 
intuitionistic fuzzy degree of contradiction (dissimilarity), or 
neutrosophic degree of contradiction (dissimilarity) between 
attribute values respectively. 

The functions d(-,-) and ct) are defined in accordance 
with the probabilistic applications the experts need to solve. 

One uses the notation: 

E(d(E,V)), 
where d(E,V) = {d (E, v), forall v € V), VE € U. 
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IV.3.6. About the Plithogenic Aggregation Probabilistic 
Operators 


The attribute value contradiction degree is calculated 
between each attribute value with respect to the dominant attribute 
value (denoted vp) in special, and with respect to other attribute 
values as well. 

The attribute value contradiction degree function c between 
the attribute’s values is used into the definition of plithogenic 
aggregation — probabilistic operators {conjunction (AND), 





disjunction (OR), Negation (—), Implication (=>), Equivalence ( 
<>), and other plithogenic aggregation probabilistic operators that 
combine two or more attribute value degrees - that tnorm and fconorm 
act upon}. 

Several plithogenic aggregation probabilistic operators are 
linear combinations of the fuzzy Toon (denoted Ar), and fuzzy 
Íconorm (denoted Vr), but non-linear combinations may as well be 
constructed. 

If one applies the tnorm on dominant attribute value denoted 
by vp, and the contradiction between vp and v2 is c(vp, v2), then 
onto attribute value v2 one applies: 

[1 — c(vp, vz)]-fnorm(Vp, v2) + c(vp, V2)+tconorm(VD, V2), (248) 

Or, by using symbols: 

[1 — c(vp, vz)-(vbArv2) + c(vp, v3): (vbVrv»). (249) 

Similarly, if one applies the tconorm on dominant attribute 
value denoted by vp, and the contradiction between vp and v2 is 
C(VD, v2), then onto attribute value v2 one applies: 

[1 — erun, v2) | fconorm(vp, v2) + c(vp, v2)-tnorm(vp, v2), (250) 

Or, by using symbols: 
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[1 — c(vp, v) [f VDV Fv2)  c(vp, V2):(VDAFV2). (251) 


IV.4. One-Attribute-Value Plithogenic Single-Valued 
Fuzzy Probabilistic Operators 


We consider the single-value number degrees of chances of 
occurrence, for simplicity of the example. 

Let vj bea uni-attribute value and its degree of contradiction 
with respect to the dominant uni-attribute value vp be 

C(Vp, Vj) € cj. 

Let d4(£, vj) be the degree of occurrence of event E with 
respect to the attribute-value v; given by Expert A. And similarly 
for dg(E,vj). Then, we recall the plithogenic aggregation 
probabilistic operators with respect to this attribute value v; that 
will be employed: 


IV.4.1. One-Attribute-V alue Plithogenic Single-Valued 
Fuzzy Probabilistic Conjunction 
d,(E, Vi) Np dp (E, vi) 
= (1— ci) : [d4 (E, vi) Ar dg (E, vi)] + ci 


: [44 (E, vi) Vr dg (E, pell 
(252) 


IV.4.2. One-Attribute Value Plithogenic Single-Valued 
Fuzzy Probabilistic Disjunction 


d,(E, vi) Vp dg (E, vi) NO (1 ES ci) i 
[da (E, vi) Vr dg(E,v;)] + ci: [G4CE, vi) Ap dg(E, v;)] (253) 
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IV.4.3. One Attribute Value Plithogenic Single-Valued 
Fuzzy Probabilistic Negations 


—~pd4 (E, vi) = d4CE, anti(v;)) = d4CE, (1 — c;)v;) (254) 
Or 
—p dA, vi) =1- d,(E, V;). (255) 


IV.5. n-Attribute-Values Plithogenic Single-Valued 


Probabilistic Operators 


The easiest way to apply the plithogenic probabilistic 
operators on a multi-attribute plithogenic probability is to split 
back the m-dimensional attribute, m > 1, into m uni-dimensional 
attributes, and separately apply the plithogenic probabilistic 
operators on the set of all attribute values (needed by the 
application to solve) of each uni-dimensional attribute. 

Therefore, let o be a given uni-dimensional attribute, 
characterizing each event E € U, whose set of values are: 

V = {v1, Vz, ., Vn} = Vp, Vz, Vnpn 2 1, (256) 

where Vp = dominant attribute value, and 

C(Vp, Vj) = cj € [0,1] the contradiction degrees. Without 
restricting the generality, we consider the uni-dimensional 
attribute values arranged in an increasing order with respect to their 
contradiction degrees, i.e.: 

Cp, Vp) =0 < c S C2 S Cu 


AS Gee ie Ge A: (257) 
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IV.5.1. n-Attribute-Values Plithogenic Single-Valued 
Fuzzy Probabilistic Operators 


Let’s consider two experts, A and B, which evaluate a 
probabilistic event E, with respect to the fuzzy degrees of the 
values v4, ..., v, representing the chances of occurrence of event E. 
upon some given criteria: 

di:U x V > [0,1], d (x, vj) = a; € [0,1], (258) 

d5:U x V > [0,1], d$ (x, vj) = bj € [0,1], (259) 

for all i € (1,2, ...,n]. 


IV.5.2. n-Attribute-Values Plithogenic Single-Valued 


Fuzzy Probabilistic Conjunction 


(a, Q5, SEH Qi, Qij+1 is sy an) Np CH bo, my bi,, bis, waist) bn) = 


4 Ap b1, A2 Np a, Gig Np (260) 
bi,, Qin+1 Np bi ev "An ^p bn 


The first ig probabilistic conjunctions are proper plithogenic 
probabilistic conjunctions (the weights onto the tnorm’s are bigger 
than onto fconorm' S): 

Q4 Ny Du, 02 Np Do Gi, Np Di, 


(261) 
whereas the next n - ig probabilistic conjunctions 
Qig+1 Np bios HIRT An Np bn (262) 


are improper plithogenic probabilistic disjunctions (since the 
weights onto the tnorm’s are less than onto fconorm' S): 
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IV.5.3. n-Attribute-Values Plithogenic Single-Valued 


Fuzzy Probabilistic Disjunction 


(a, Q5, -.., Qi, Din ti wey An) Vp (bi, bo, anny bi,, GIE? wey bn) = 


04 Vp b1, A2 Vp Da, Qj, Vp (263) 
b; Qint+1 Vp Din, wy An Vp by 


ig? 
The first ig probabilistic disjunctions are proper plithogenic 
probabilistic disjunctions (the weights onto the feonorm’s are bigger 
than onto fnorm’s): 
Q4 Vy by, 2 Vp Da Ai, Vp Di, (264) 
whereas the next n - ig probabilistic disjunctions 
Gi e1 Vp Digests =» An Vp Da (265) 
are improper plithogenic probabilistic conjunctionss (since 
the weights onto the fconorm’s are less than onto fnorm’s): 


IV.5.4. n-Attribute-Values Plithogenic Single-Valued 


Fuzzy Probabilistic Negations 


In general, for a generic probabilistic event E, characterized 
by the uni-dimensional attribute a, whose attribute values are V = 
(Vp, V5, ..., Vj), n = 2, and whose attribute value contradiction 
degrees (with respect to the dominant attribute value vp) are 
respectively: 0 € c; < = €c4 4 € Cn € 1, and their attribute 
value degrees of occurrence of the event E are respectively 
Ap, Az, ++,An—1,4, € [0,1] , then the  plithogenic fuzzy 
probabilistic negation of E is: 
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UG Ch-1 Cn 
zuel E Vp, V2, ..., Ün-1, Un |= 


Ap Q2 An-1 An 
eee! a one 1—cc; 1-—0p 
pE DE anti(v,_1) ...anti(v;) ani) ) (266) 
An An-1 a2 ap 
Some anti(V;) may coincide with some V;, whereas other 
anti(V;) may fall in between two consecutive [vy, vy,4] or we 
may say that they belong to the Refined set V; 


Or 


Vr Vera E 

ee ee (267) 

{this version gives an exact result when the contradiction 
degrees are equi-distant (for example: 0, 0.25, 0.50, 0.75, 1) or 
symmetric with respect to the center 0.5 (for example: 0, 0.4, 0.6, 
1), and an approximate result when they are not equi-distant and 
not symmetric to the center (for example: 0, 0.3, 0.8, 0.9, Ir) 

or 

Di Vz — Vip Vigi «= Vn 

, — a 1 Cin dy 1- aig = 1- a, | (268) 

where anti(v;) € V or anti(v;) € RefinedV , for all i € 
{1,2,... n}. 
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IV.6. Multi-Attribute Plithogenic General 
Probability 
IV.6.1. Definition of Multi-Attribute Plithogenic General 
Probabilistic 

Let U be a probability space, and a plithogenic probabilistic 


event E € U. 
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Let - be a set of m > 2 attributes: a1, a2, ..., Om, whose 
corresponding spectra of values are the non-empty sets Sv, S», ..., 
Sm respectively. 

Let Vi € Si, V2 € S», ..., V» € Sm be subsets of attribute 
values of the attributes a1, a2, ..., dmrespectively needed by experts 
in their given probabilistic application. 

For each € (1,2, ..., m}, the set of attribute values V; means 
the range of attribute aj’s values, needed by the experts in a 
specific application or in a specific problem to solve. 

Each probabilistic event E € U is characterized by all m 
attributes. 

Let the m-dimensional attribute value degree of chance of 
occurrence function be: 

dtm: (U, Vy X Vz x .. X V4) 2 ACO, 1])"". (269) 

For any E € U, and any vj € V; with j € (1,2, ..., m], one 
has: 

dim (E (M4, v2, ..., Gelle CLO, 1". (270) 


IV.6.2. Example of Plithogenic Probabilistic 


What is the plithogenic probability that Jenifer will graduate 
at the end of this semester in her program of electrical engineer, 
given that she is enrolled in and has to pass two courses of 
Mathematics (Second-Order ` Differential Equations, and 
Stochastic Analysis), and two courses of Mechanics (Fluid 
Mechanics, and Solid Mechanics) ? 

We have a 4-attribute values plithogenic probability. 
IV.6.2.1. Plithogenic Fuzzy Probability 

According to her adviser, Jenifer's plithogenic single-valued 
fuzzy probability of graduating at the end of this semester is: 
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J( 0.5, 0.6; 0.8, 0.4 ), 

which means 50% chance of passing the Second-Order 
Differential Equations class, 60% chance of passing the Stochastic 
Analysis class (as part of Mathematics), and 80% of passing the 
Fluid Mechanics class and 40% of passing the Solid Mechanics 
class (as part of Physics). 

Using a larger approximation (less accuracy), the adviser 
predicts that Jenifer's plithogenic interval-valued fuzzy probability 
of graduating at the end of this semester is: 

J( [0.4, 0.6], [0.3, 0.7]; [0.8, 0.9], [0.2, 0.5] ), 

which means that between 40%-50% are Jenifer's chances to 
pass the class of Second-Order Differential Equations; and 
similarly for the other three classes. 

IV.6.2.2. Plithogenic Intuitionistic Fuzzy Probability 
Jenifer's plithogenic single-valued intuitionistic fuzzy 
probability of graduating at the end of this semester is: 

J( (0.5, 0.2), (0.6, 0.4); (0.8, 0.1), (0.4, 0.5) ), 

which mean that 5096 is chance that Jenifer passes the 
Second-Order Differential Equations class and 2096 chance that 
she fails this class; and similarly for the other three classes. 

Jenifer's plithogenic interval-valued intuitionistic fuzzy 
probability of graduating at the end of this semester is: 

J( ([0.5, 0.6], [0.1, 0.2]), ([0.6, 0.8], [0.2,0.4]); ([0.8, 0.9], 
[0.0, 0.1), ([0.3, 0.6], [0.3, 0.5]) ), 

which mean that between 50% - 60% is chance that Jenifer 
passes the Second-Order Differential Equations class and between 
10% - 20% is the chance that she fails this class; and similarly for 
the other three classes. 
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IV.6.2.3. Plithogenic Neutrosophic Probability 

Jenifer’s plithogenic single-valued neutrosophic probability 
of graduating at the end of this semester is: 

J((0.5, 0.1, 0.2), (0.6, 0.2, 0.4); (0.8, 0.0, 0.1), (0.4, 0.3, 0.5)), 

which mean that there is 50% chance, 10% indeterminate- 
chance, and 20% nonchance that Jenifer passes the class of 
Second-Order Differential Equation; and similarly for the other 
three classes. 

Jenifer's | plithogenic ^ interval-valued ` neutrosophic 
probability of graduating at the end of this semester is: 

J( ([0.5, 0.6], [0.0, 0.1], [0.2., 0.4]), ([0.6, 0.8], [0.1, 0.2], 
[0.3, 0.5]); ([0.8, 0.9], [0.0, 0.2], [0.1, 0.3]), (0.4, 0.3, 0.5) ), 

which mean that there is between 50% - 60% chance, 
between 0% - 10% indeterminate-chance, and between 20% - 405 
nonchance that Jenifer passes the class of Second-Order 
Differential Equation; and similarly for the other three classes. 


IV.6.3. Plithogenic Probability as Probability of 
Probabilities 

Plithogenic probability is a probability of (classical, 
imprecise, intuitionistic fuzzy, or neutrosophic) probabilities — 


depending on the choice of the chance function. Or plithogenic 
probability is a refined probability. 
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V. PLITHOGENIC STATISTICS 


As a generalization of classical statistics and neutrosophic 
statistics, the Plithogenic Statistics is the analysis of events 
described by the plithogenic probability. 

Since in plithogenic probability each event E from a 
probability space U is characterized by many chances of the event 
to occur [not only one chance ofthe event E to occur: as in classical 





probability, imprecise probability, and neutrosophic probability], 

a plithogenic probability distribution function, PP(x), 
of a random variable x, is described by many plithogenic 
probability distribution sub-functions, where each sub-function 
represents the chance (with respect to a given attribute value) that 
value x occurs, and these chances of occurrence can be represented 
by classical, imprecise, or neutrosophic probabilities (depending 
on the type of degree of a chance). 


[More study is to be done in this subject...] 
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Future Research 


As generalization of dialectics and neutrosophy, plithogeny 
will find more use in blending diverse philosophical, ideological, 
religious, political and social ideas. 

After the extension of fuzzy set, intuitionistic fuzzy set, and 
neutrosophic set to the plithogenic set; 

the extension of classical logic, fuzzy logic, intuitionistic 
fuzzy logic and neutrosophic logic to plithogenic logic; 

and the extension of classical probability, imprecise 
probability, and neutrosophic probability to plithogenic probability 
— more applications of the plithogenic 
set/logic/probability/statistics in various fields should follow. 

The classes of plithogenic implication operators and their 
corresponding sets of plithogenic rules are to be constructed in this 
direction. 


Also, exploration of non-linear combinations of tnorm and 





tconorm, Or Of other norms and conorms, in constructing of more 
sophisticated plithogenic set, logic and probabilistic aggregation 
operators, for a better modeling of real life applications. 

More study, development, and utilizations should be done 
and proved into the field of plithogenic statistics. 
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In this book we introduce for the first time, as generalization of 
dialectics and neutrosophy, the philosophical concept called plithogeny. 


And as its derivatives: the plithogenic set (as generalization of crisp, 
fuzzy, intuitionistic fuzzy, and neutrosophic sets), plithogenic logic (as 
generalization of classical, fuzzy, intuitionistic fuzzy, and neutrosophic 
logics), plithogenic probability (as generalization of classical, imprecise, 
and neutrosophic probabilities), and  plithogenic statistics (as 
generalization of classical, and neutrosophic statistics). 

Plithogeny is the genesis or origination, creation, formation, 
development, and evolution of new entities from dynamics and organic 
fusions of contradictory and/or neutrals and/or non-contradictory 
multiple old entities. 

Plithogenic Set is a set whose elements are characterized by one 
or more attributes, and each attribute may have many values. 

An attribute's value v has a corresponding (fuzzy, intuitionistic 
fuzzy, or neutrosophic) degree of appurtenance d(x, v) of the element x, 
to the set P, with respect to some given criteria. 

In order to obtain a better accuracy for the plithogenic aggregation 
operators in the plithogenic set/logic/probability and for a more exact 
inclusion (partial order), a (fuzzy, intuitionistic fuzzy, or neutrosophic) 
contradiction (dissimilarity) degree 1s defined between each attribute 
value and the dominant (most important) attribute value. 

The plithogenic intersection and union are linear combinations of 
the fuzzy operators tnorm and  fcowrm, while the  plithogenic 
complement/inclusion/equality are influenced by the attribute values' 
contradiction (dissimilarity) degrees. 

Formal definitions of plithogenic set/logic/probability/statistics 
are presented into the book, followed by plithogenic aggregation 
operators, various theorems related to them, and afterwards examples and 
applications of these new concepts in our everyday life. 
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